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Abstract

The interaction of an electromagnetic field with a scatterer placed near a nonstationary composite
medium using time domain techniques is examined. The composite medium is modeled by a
nonstationary object located near a plane surface. The surface appears at a zero moment of time and
breaks down homogeneous medium into two half- spaces in one of which the permittivity and
conductivity changes abruptly at this moment of time. The problem is solved by a Volterra integral
equation that is equivalent to an initial and boundary value problem for the Maxwell's electromagnetic
equations. The integral equation is derived by means of a spatial-temporal Green's function, obtained
for a piecewise homogeneous and time independent medium.

1. INTRODUCTION

Recently there is a strong interest in analyzing electromagnetic phenomena using time domain
techniques. Such phenomena are important in geophysical subsurface probing, remote sensing, stealth
technologies, measurement of electrical properties of dielectric substrates, hyperthermia used in cancer
therapy, subsurface communication, etc. [1-10]. Other important applications of electromagnetic wave
propagation and scattering in media having time-varying parameters are related to ionosphere and
other media, control of dielectric-resonator antenna by parameter variation, time-varying surface
conductivity that can affect the fields radiated and scattered from objects. Furthermore, with the
continuing and increasing interest in semiconductor and optical integrated devices, more-accurate and
realistic simulations of these ones are needed [11]. In all these structures electromagnetic problems
concerning medium with time-varying parameters (permittivity, permeability, and conductivity) are
encountered.

In this paper, a time domain analysis is pursued to treat the electromagnetic field in a nonstationary
composite medium which has time dependent properties. The composite medium is modeled by a
nonstationary object located near a plane surface. The surface appears at zero moment of time and
breaks down a homogeneous medium into two half- spaces in one of which the permittivity and
conductivity abruptly changes at this moment. The problem is solved by using a Volterra integral

equation. This is equivalent to an initial and boundary value problem for the Maxwell's
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electromagnetic equations. The integral equation is derived by means of a spatial- time dependent
Green's function corresponding to a piecewise homogeneous and time independentt medium.

It is shown that the specific form of the integral expression depends on the object location and does
not depend on the half-space medium parameters variations. In case when the object is within the
nonstationary half- space the equation for the field is the Volterra integral equation of the second kind.
In the other half space the electromagnetic field is derived by integrating the internal field over the
object region.

It is also shown that after the medium characteristics change and the surface creation a free term
appears in the integral equation. This term is caused by remainder phenomena due to a medium
"memory" that results from a time delay because of the limitation of the light velocity, and determines
a field interaction with a medium until changing of permittivity and conductivity in one of the half-

spaces.

2. STATEMENT OF THE PROBLEM

The problem being studied is stated as follows: let in a background medium which is described by a
continuous vector functions of electrical as Po, and magnetic M, polarizations there is a region V(t)
and a subregion U(t) that contain different material media, as shown in Fig. 1. Consequently, the

medium parameters have discontinuities on the boundaries of V(t) and U(t).
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Figure 1. The problem geometry in general case.

An electromagnetic field in the whole space satisfies the Maxwell’s equations [12]
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where P and M are generalized electrical and magnetic polarization vectors of a medium, j is a
generalized current density, &y and q are the electrical and magnetic permittivities of vacuum. The
Maxwell equations in (1) can be written in a generalized form after ref. [13] as follows:

2 {%} ~[a],vn (S (),

Vxa= {V X a} + fi x [a]s§(S(t))

where { } denotes classical derivative at that point where it has sense, 6(S) is a surface delta-
function, S(t) is the discontinuity surface of the field, v,, is the normal (transverse) component of the

velocity of a given surface region, A is a normal vector to a surface S(t), [a]S is a jump of the

discontinuous vector function a on a surface S(t).

The equations in (1) involve the boundary conditions for fields at all discontinuity surfaces, so
generalized solutions of these equations meet these conditions [14].

Assume that the background is described by following polarization vectors.

Pex :50(5—1)E, M ey =i(1—1j8, 2
Ho H

and the corresponding polarization vectors at the subregions V(t)\U(t) and U(t) are described by the
vectors P, My, j; and P,,My, j, respectively. Then the generalized functions describing the
medium influense on the fields in the whole space can be written as follows:
P =y(Py-Pp)+ y(Py -Pex) + Pey,
M =y(My-Mp)+ 7(Mq-Mgy) + Mgy, 3)
J=rC2-J0* A1+ Jextr
where y and vy are defined in Fig.1, jextr IS the external source current.

From Egs. (1) and (3) it follows that an electromagnetic field satisfies the generalized

inhomogeneous wave equation

1 52 1 5 1 0
Vx(VxE)+—2—28yE+ > _ZﬂZ(Pl_Pex)+2—_ﬂVXZ(M1_Mex)+
¢t a ccgy A cogy A @
gy =R -y
— XM= - — H ext
c2eq A c2eg A =

where c:l/,/goyo is the light velocity in vacuum. The left-hand side of this equation takes into

account also the boundary conditions on the boundary of V(t). The right-hand side term
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2
Az O dr O dr O . .
Fo=——— P, =Py )———uroty(My, —Mq)——— - 5
2= dZM/( >~ Py) At y(M2—My) Czd‘”/(” 1) (5)
has also a discontinuity on the boundary of U(t).
The differential equation (4) is transformed into an integral equation by means of the Green's

function G [13]

1 0.
E=Eé +G ®{F2—2—EjextrJ. (6)
C &p

Here, the sign ® denotes a convolution in the four-dimensional space-time,

a®b= jdx‘ a(x—x)b(x ), where x=(t,r). The term E{ is the solution of (4) with zero right-hand

side, that is the field in a medium whose parameters have discontinuity on the boundary of V(t) only.

Therefore the field E{ satisfies the boundary conditions on the boundary, and presents an electric

field in the piecewise homogeneous medium without an object U(t).
Then equation (6) can be rewritten as follows
E=Ey+G ®F,, (7)
1

CZSO

Where Ep =Ej - G®§ Jextr » @and the second item in the right-hand side is a field determined

by an external source current jo. . TO write an explicit form of equation (7) one needs the Green’s

function corresponding to Eq. (4).

3. GREEN’S FUNCTION FOR A PROBLEM WITH PLANE INTERFACE THAT HAS COME
INTO BEING

It is known, that in general terms the Green’s function in Eq (4) pocesses an ambiguity since an
arbitrary solution of the homogeneous equation can be added to it. This solution is presented in (6) by

the item E{, so in the following only the singularity part of the Green’s function is needed. This part

satisfies the equation

2 2
170 1 7 A A 1 7 A A
Vx(VxG)+——F%euG+ —uy |Pp— Poy |G+ —uVxy (M- Mg |G+
C2 étz C280 dz l( EX) C280 a 1( EX)

(8)

1 5 2 n
+ —y #J1G=1ox-X
2o 16 = k-

Here, P, M, ] are operators corresponding to functions P, M and j, [ is an identical operator, (x) -

the Dirac delta-function.
As equation (8) takes into account the boundary conditions at the surface of the region V(t), the G

function beeing also a solution of it, also satisfies these conditions.
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In solving equation (8) it is transformed into an integral equation whose solution will be achieved
by virtue of a resolvent method. To do end the terms with discontinuity coefficients, are rearranged to
the right-hand side of the equation [15]:

1 72
VX(VXG)+—2—26‘IUG=F1, (9)

cc a
where

2
u | o A o4 o N ” o Q} A '
F=- — P =Py |+ =V x yM; = M., | +— G+ 1o(x—x 10
1 0280 dzl(l ex) a Z( 1 ex) O,t)(ll ( ) (10)

Then from (9) the function G can be computed as a convolution G = Gy* F;, where Gg is a Green’s
function related to equation (9). As differentiation with respect to time can be transferred to Gg, this

convolution takes the form

2
£ o f .
C &p a C &p a

From here on, the case when the region V (t) originates with a zero moment of time is considered.

G=Gg- Vx 2(My = Mgy )+ 7 11]G. (11)

This means that, P, = P,,, My = Mg, j; =0 for t<0. Then equation (11) can be converted into an

integral equation for t>0:

Gy =Gy + KGy, (12)
where the Green’s function for t >0 is denoted as Gy, so G =6(-t)Gp +6(t)G;. The operator in

(12) is

KZ_LIdX.{@Z Go(x-X)

C2€0 A2 x(X )(Pl - Pex)7L 3
R0 Wiy - Mex)w(x')il]}

In above eguation, the integral jdx' is over the four-dimensional half-space t>0.

The K operator properties are determined by properties of the function Gp which is the Green’s

function of the wave equation (9) assotiated with the background,

1 52 . ,
Vx(VxG)+—=—euG=10(x-Xx"). (14)
c? a2

Then one can easily take the singular part of the Green’s function of equation (14) because a regular
part of this function gives a solution corresponding a homogeneous equation for the field, that is a field

in the background. However this field is presented by the item E'g in (6) and one does not need to be

repeat it. With these remarks we can take the known function:

v2 1% 1 ( . |r—"'|j ,r=r
G __E(VV_V_Z?)h—r'I t—t—T 9(t—t—T), (15)
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where v = < and 4(t) is the Heaviside unit function.

VEu
The carrier of the function Gg is the light cone for t’<t with the vertex at the observation point

(t,r) . As this function has an integrable singularity in the four-dimensional space, the operator K is a

Volterra integral operator. The specific form of the R operator is obtained by substituting Eq. (15)
into Eq. (13)

1, 162 1 (0  .ya a4
K :E".dx {(VV—V—Z?)E{E}((X )(Pl - Pex)‘i'}((x )Jl}_
2 (16)

0’) ' r ) 1
—ﬂﬂogvxl(x )(Ml_ Mex):lf(X—X )

. 1 o r=r]
where f(x-X)=——6(t—t'——).
r=r| v
The meaning of the expressions (7, 12) essentially depends on the observation point r according to
the general theory of the integral equation method as in Ref. [16]. Inside the region V(t) (x=1), the

expression (12) is the Volterra integral equation of the second kind and its solution can be obtained by
the resolvent R [14]: Gl(i”) = ZGO+;(FA2;(GO. Outside this region, (1-y=1), the expression (12) is a
quadrature: G{(®) = (1- )Gy + K(ex)(f+;(li);(Go, where superscript (ex) on the operator K
denotes that the argument r is checked outside the region V(t). So, the expression for the desired

Green’s function G; can be defined by a formula

Gl:GO+;(IQ;(GO—i-(l—;()K(ex)(h;(lﬁ);(Go. a7

In the following analysis specific construction of the Green’s function is carried out when V(t) is a
half-space bounded with a plane, that is y = 8(x), as shown in Fig. 2. The medium in this half-space
is a lossy dielectric. This implies that for t>0

PL=50(s1—1), My = Mg =0, ji =0y (18)
The medium permeability in the whole space is supposed to be p=1.
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Figure 2. Time jumps of medium parameters in one half-space.

The operators in Eqg. (17) are integral operators: A= jdx‘ <X‘A‘X'>. Hereafter, the kernels of these

operators are represented as inverse Fourier-Laplace transformations
<X‘A‘X'> = [ dpe pt+ikr<p‘A‘X'> ,where p=(p,k), k=(kq,ksks),and
+ic0
d
Jop- | 2f
oo 27 (2 )

Then from (16) it follows that the kernel of the operator K is equal to:

Rep>0.

2 2 =\ 2
AN ViSp-=V +o)VveQ+ Pl _pt—ikr s
vVi°p pe +vek
2 » [k
where Qz( kl* k}kij, k, =(kz.ks), kL=( 2], |- the  unit  matrix,
kik] kik, ks
V1 = ¢ o= 91

VE160 10 £1£0

The resolvent operator R for a lossy dielectric half-space is constructed in [6, 17] and its kernel has

the form:
<p§x->:Vlzp—vz(ma)e(x){vl Q+p(p+3) ik _

V2 (p+o) 912 +v;2k,?

2 — Py (20)
_ 1 V1 Yl + p(p+O')|J_ N X o v, e_pt'_ikﬂl'e(xl)
201 @1 —ivikg @1 +ivikg

- kJ_ _I_kJ_ 0 0 0

where Y; = Zl , 1, ={0 1 0|,
AURKL Kk 00 1

Vi
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1 ==K 0 0
X =-v;%Vp, X "*1 +2w1Vem(0 C j+p(p+5‘)\/el I (21)
G20 Kk LKy
V1
Vo(p+0)—Vvie1p — Vip -V Vip -V
_VOREO) TR gy V1@V ViemVer
Vo(p+0)+V1p1p Vo(p+0)+Vip1p V1p + Ve

=p?+vik, 2, ¢1=\/p(p+26)+v12kL2, Rep,p1>0, 1 =(y,2).

After lenghthy operations and some rearrangements we have for t>0:

Gy = O(X }{[G110(x — X' )+ G128 X' =X ) = $1]A(X' ) + Wy(—X' )} +

(22)
+0(—X {Wo0(X )+[S + G X - X' )+ Gt X —X)]0(—x' )}
Here,
2 .9
- , —k,| |V—1kl P (x-x)
Giy(x—xX)=L———m—| V1 1 +p(p+o)l, |e i :
2¢01p(p+0) i1kl Kk,
V1
2
R vy ) —kJ_ _IV_kL &(X—X')
Gro(x—x)=L—2 |y, L leppra)y e
2¢01p(p+0) —iﬂki kik,
V1
2 !
. ——(x+x")
S (x+x)=l— "1 xe % :
2¢p1p(p+0)
) k2 ika 21,0
Wy (x,x' )= L wqTh v +p2Tl e vV,
2 i22K Kk
v LKL
Y —kJ_z —|ﬂkJ_ ) gx_&
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2¢p ki  Kik,
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Sy(x+x)=L—— x (e :
Z(PP

where L= [dp, eP(t=t)ik (r-ry) _ f—kr]o(kﬁ'l—u” mep(t B, p=(pky),

—ioo
klz —igkl 0 0
x (&) _ _V2Vm X :’ +2vvq L_Vem( * j +p(p+oNel,
i2K] Kk, pro TR0 kik,
v
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2 2
_ V1P B P (24)
Vo(p+0)+V191p Vip+Voy
The background Green’s function can be presented as two items also

m

GO = GOl H(X - X )+ GOZ Q(X'—X),

where
~ v 2 _kiz igkj_ —ﬂ(x—x')
Gp(x-X)=L———|v v +p(p+o)l e Vv ,
2¢p(p+0) ik Kk,
' (25)
~ v 2 _kJ_Z _iQkJ_ B z(x—x')
Goo(x-X)=L———|v v +p(p+o)l  leV ,
2¢p(p+o0) -2k Kik,
v

The arrangement of Green’s function G1 items of on (x,x") plane is shown in Fig. 3.
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Figure 3. The arrangement of Green’s function terms on the plane (x,x’).

All terms of the function G; equal to zero for t-t"<O because of their analytic properties. For
vi >Vv the function G; transfers to Gy as a limit case which gives:
S1=52=0, Gy =Wy =Gp1, Gy =W, =Gy,

From Egs. (23) and (25) the properties of the Green’s functions Gq on discontinuity lines are

observed. On the line x=x' the functions jump is:

) o, 2
~ v 0 kJ_ N |V1 0 kJ_
Go :G01—GOZ=L—_( * Aj, G =Gll—G12=L—_[ * A (26)
(o] p(p+o)\k, O [G1] p(p+o)\k, O

On line x'=0 the G1 jump is equal:

for x>0
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[G1]=Gyy +S1 — W _ (M pro) vy o 27)
1 11 1 1 2¢p(p+6) m —i%kj_ 0
1
for x<0
2, — 2 102 k2 0
~[v +0)-V Vv L
[G1]=W, ~Gp =S5 = v (p )3 1Pl m.o, * & (28)
2¢p Vi Ivkj_ 0
On line x=0 the G1 jump is equal:
for x>0
2 2 2 ;M
~(VE—Vv© )V ki i—Kk
[Gl] = GlZ +Sl —W2 = L%Tm 1 VlA 1 (29)
2¢p 0
for x'<0
2, 2y2 2 .0
[G1] =W, ~Gp1 - S = Lme[kL ! \/AKLJ (30)
2¢p°vy 0 0

From the properties of the obtained Green’s function on the discontinuity lines it is follows: that the
action of the Green’s function on any vector gives a vector that has discontinuity on the line x’=0, but
this discontinuity is caused by an initial vector component that is normal to an interface between
media. On the line x=0 only a resulting vector component that is normal to the boundary has a

discontinuity.

4. INTEGRAL EQUATIONS

As it follows from the equations (5) and (7) in the case of nonmagnetic medium (x=1), the

electric field satisfies to the equation

1 o° o . .
E=Ey-— G®{ 27(P2—P1)+—7(12—11)} (31)
C & a a

where G = 6(-t)Gg + 6(1)G;.

The obtained Green’s function allows us to write out in an explicit form the expression that governs
the electric field in the case when the object U(t) is situated in the lossy dielectric medium, that from
zero moment of time is divided by a plane boundary into two half-spaces. In one of them the
permittivity and conductivity change in time abruptly. The permittivity in both half-spaces was the

same and equals ¢ until t=0. At t=0 it changes by jump to &; in the half-space x>0. The conductivity
appears by jump from zero at t=0 in this half-space and its value is o1. Then the general integral

equation for the electric field is followed from (31):
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E=Eq-
(1) §GO®{ (Pz—Pex)+n2} o(t)—5— =61 0(- t){ (Pz—Pex>+n'2}—(32)
C &0 C &0
o) gelw(t){ 7(P2—P1)+7(12—11)}
C &0

It is worth noting that the second and third items in this expression are determined by vectors
(Py —Pey ) and j, for t<0.
As it follows from Eq. (32) the field for t<O0 satisfies the integral equation

o .
E= Eo—e( t)— I dt’ jdr —G0|: (PZ_PeX)—FMZ} (33)
c2 £0 o a a'
This is a Volterra integral equatlon that describes a problem for a nonstationary object U(t) in an

unbounded stationary space. The field obtained from this equation will be determined the third item in
(32).

After the surface appearence, for t=0 in the integral equation appears a free term been due to
remainder phenomena. These phenomena are caused by a medium "memory" that results from a time
delay because of the limitation of the light velocity, and determines a field interaction with a medium
until changing of parameters in the nonstationary half-space. Consequently, this item can be included

in the free item of equation (32) which for t>0 takes the form

E=F -
B 1 0Gy 7 ~ ol (34)
o0 2 ® 0()] 57 (P2 = P1)+ 7 (iz - 11)

where

F =Ep—6(t)— jdtjdrm{ P, — Pex)+7jz} (35)

C €0 -0
If the object U(t) appears after the moment t=0, that is P, = Py, When t<0, then the free item in

(34) is equal to an undisturbed field in the background, F = Ej.

The form of the free term and the equations essentially depend on in what half-space a field is

considered and the object U(t is situated.

Case A. The scatterer object U(t) is placed inside the nonstationary half-space.
The placement of the object U(t) is shown in Fig. 4. The integral equation at the nonstationary half-

space has the form
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Figure 4. The placement of the object U(t) inside the nonstationary half-space.

1t By By B0 o
E=F -6(x) [dt | dr'{ + - —7(P2 = Py)+7(i2 - iy (36)
2e00 U ) a a alla

If the observation point is located in the region U(t) this expression is a Volterra integral equation
of the second kind. If the observation point is located outside of the region U(t), this formula allows to
determine the field in the half-space x>0 through integrating of the internal field over U(t).

In the other half-space, x<0, the scattered field is determined by the formula via integrating of the
internal field over U(t) with the item W, of the Green’s function

1t Ny [ o
E=F-0(-x)—5—[dt" | dr'%[gy(Pz—P1)+7(Jz—Jl)} (37)
Céo U

Case B. The scatterer object U(t) is placed outside of the nonstationary half-space.
The placement of the object U(t) is shown in Fig. 5. If the observation point is located in the

nonstationary half-space x>0 the scattered field is determined by the formula

t

1 1 |alv é’ 1 1

E=F-60(x)— [t jdr#[g7(P2_Pl)+7(12_Jl)i| (38)
C¢o0 U@

This equation is analogues to the one (37) for the half-space x<0 in the previous case.
In the half-space x<0 the scattered field is determined by the formula that is analogues to (36)

1 ! gy Bgy By [ & o
E—F — () [ jdr'{ $ B2 B2l p by, - ) (39)
¢*20 u(t) a a ajLa
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The field in the half-space x<O0 is described by the equation that is a VVolterra integral equation of

the second kind if the observation point is located in the region U(t). If the observation point is located

.-".._f. } é‘
P = an { .
X " e » ﬁ.!
a0 ' '
P, I,
?.__.-" " _,-"' » ..-z" .

Figure 5. The placement of the object U(t) outside the nonstationary half-space.

outside of the region U(t) this formula allows to determine the field through integrating of the internal
field over U(t). As this is compared with the previous case it is seen that the specific form of the
expression depends on which half-space the region U(t) is placed rather than where a permittivity jump

has occurred.

CONCLUSION

The Green’s function for the Maxwell’s equations in a medium consisting of two semi-infinitive
media is derived. In one of these semi-infinitive media the permittivity and conductivity change
abruptly in time. The obtained function allows the formulation of an integral expressions for the
electric field scattered by an object that is located in either half-space. It is shown that the specific
form of the expression depends on the half-space that the object is placed rather than where the

permittivity and conductivity jump has occurred.
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