I.S. Nefedov 49

A FuLL -WAVE ANALYSIS OF 2-D MICROSTRIP GRATING ON A
MULTILAYERED BIANISOTROPIC SUBSTRATE

I.S. Nefedov

Institute of Radio Engineering and Electronics
Russian Academy of Sciences, Saratov Branch
38 Zelyonaya, Saratov 410019 - Russia
e-mail: nefedov(@scnit.saratov.su

Abstract

An integral equation method with numerical solution is presented for the analysis
of infinite 2D grating embedded into bianisotropic multilayered medium. Dyadic
Green functions for shielded and open structure are derived using 4 \Theta 4 transfer
matrix method. This method is verified by examining various results for microstrip
resonator on isotropic and on ferrite substrates and for regular periodic strip line on
the chiral substrate. The results of testing of the algorithm convergence are
presented. Resonant frequencies of the 2-D grating on uniaxial crystal substrate are
computed versus phase shifts per periods of grating. Influence of the chirality
parameter on the resonant properties is studied.

1. INTRODUCTION

Development of the millimeter-wave integrated circuits (MIC's) and microwave
monolitic integrated circuits (MMIC's) technology has resulted into growing interest
of multilayered planar transmission lines, resonators and antennas, which consist of
layers of anisotropic and gyrotropic materials [1]. Recently much attention has been
focused on composite materials, the so-called complex media. The isotropic chiral
media [2] - [5], anisotropic chiral media [6], chiroferrites [7, 8], omega-medium and
more complex bianisotropic materials [9] have been studied.

Until now the number of publications dealing with planar (microstrip, slot and
coplanar) regular lines using of arbitrary type anisotropic substrates is restricted. The
finite-element [10], transmission lines [11] and integral equations (IE) [12]-[14]
methods have been used to determine the propagation characteristics of such lines.

The analysis of planar discontinuities is a more complicated three-dimensional
problem, and only particular cases of anisotropy and biisotropy have been considered
for microstrip resonators [15] and gratings [16]. Thus, the microstrip and slot
resonators on the uniaxial crystal and on the ferrite substrates have been studied in
[15], where the anisotropy axis and magnetization axis have been taken to be directed
only along one of the coordinate axes. Only the isotropic chiral medium has been

considered in [16] as a substrate for 2-D microstrip grating .
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In this paper an analysis is presented for the infinite 2-D microstrip grating

embedded into multilayered bianisotropic medium (see Fig. 1).
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Figure 1. 2-D microstrip grating, embedded into multilayered bianisotropic medium.

This structure may contain an arbitrary number of layers both above the grating
and below it. Integral equations method is used, which seems to be the most
appropriate one concerning problems with planar geometry. A dyadic Green function
for multilayered bianisotropic media is constructed using a 4 x 4 transfer matrix
method [17]. This method is a great convenience for structures with planar geometries
and it has been applied to microstrip lines on anisotropic substrates in [18]-[20]. The
convergence properties of the proposed algorithm are investigated and its accuracy is
verified by comparing the results with those of other authors. Then the resonant

properties of the 2-D grating are studied.

2. THEORY

A two-dimensional (2-D) periodic grating is considered with a period of Ly along
the x axis and with a period of L, along z axis. The quantities wy and w, are the sizes
of rectangular grating elements along x and z axes, respectively. As shown in Fig. 1,
the substrate structure consists of N layers with thickness d,, (m = 1,..N) and is
bounded by electric wall at y = 0 . The plane y = H may be an electric wall or an

interface with an isotropic dielectric. The grating is placed on the interface between i -
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th and i +1 - th layers. The thickness of conductors is assumed to be negligible and the
dielectric loss is absent.

In this paper the algorithm developed in Ref. [21] for a regular periodic stripline on
the multilayered anisotropic substrate is extended to the case of bianisotropic media
and three-dimensional structure.

In order to represent the field components in the layered structure the transfer
matrix method is used. Let us consider the m - th layer with thickness dp,. It is
characterized by relative permittivity tensor &, permeability tensor ., and the two
cross - coupling tensors {, and &y,. All of these tensors have a general form, i.e. all
their components may be nonzero.

The source-free Maxwell equations can be written as

V % B = —j{kopim8 + G B

1
V x B = jlboemf B+ g H) @

where p = 120m Ohm is the wave impedance of vacuum, ko = o (1o €0)"*.

Let us denote the column-vector of tangential components of electromagnetic field
for the m - th layer as X = [Ex, E,, Hx, H Jco1 = [X1, X2, X3, X4 Jeol. Using the Fourier
expansion of X™

X':m]{_-r,:y:z]l: E Z Xi?]{y]le—jt'ﬂﬂrﬁ.ps]

=—0s P=—os

where Xop = [Xinp, Xonps X3nps Xanpleol, Bn= (¥ +2mn) /Ly, v, = (¢ +27p) /L, and v,
¢ are the field phase shifts per periods Ly and L, , respectively, one can eliminate E,,
Hy components from the Maxwell equations. The expressions of Ey, Hy in terms of the
tangential field components are given in Appendix by (A.1). Substituting Ey, Hy into
Eq. (1), the Maxwell equations may be written as a set of four ordinary linear

differential equations

g .
25X = AP, @

The expressions for the components of matrix [A] are given in Appendix by (A.2).

The solution of the Cauchy problem for Eq. (2) has the form:
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X dn) = exp ([AL0)d.) X (0)

where [Top™] = exp( j [Anp™] du) is the transfer matrix or the matrix propagator of
the m - th layer in spectral domain. The transfer matrix of each layer may be
computed using spectral representation of the matrix function. When the matrix [A]

has a simple structure, the matrix exponent is expressed as [22]

fm )
exp {J ] m]' E E{PU }l.idm} k]-__;[j {JLI }lk]

where s is the number of different eigenvalues A of the matrix Anp(m) and [I] is the
unit matrix. The transfer matrix of N - layered structure may be obtained as follows:
[B]=[Tn]x[Tna] X ... [T2] x [Ty].
Denote by [B'] and [Bl] the transfer matrices for the structures, which contain the
layers with H; <y < Hand 0 < y < Hj, respectively. Then at the y = H; plane the
following conditions for Fourier components of EM field should be satisfied:

for Fourier components of EM field should be satisfied:

L) - X (H) =V, (k=12 3)

where the column vector Vi, = [0, 0, ~Lnp, Ixnpleol Her Xy, Xy~ are the vectors of EM
field components which belong to the top and bottom layers with respect to the
interface y = H; considered, I,y , Ixnp are the Fourier coefficients of the current density

components J, (X, z)

- L_-:-f? Lg_llri ~ s ] (4)
I. Jlz, 2)eiBartres] gogs
lj:l L LS —er?«[ g_llrﬂ { ) ]I

Now conider a shielded structure. Let us express the vectros an+' on the y = Hj via

the x and z components of magnetic field on the top and bottom shields

Xitp(Hi) = Bl Xang(H) + Bl Xa o (H) (k=1+4) (5)

Xk_ﬁ;ﬂ{H'i} = '511:313?1?“}} + Bikeixd i {ﬂ} Uﬂ =1+ 4]. (6)
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Denoting by [D] the matrix composed of the column vectors (B3 By, -Blg, -B14),
where B', Bl are the k - th column-vectors of matrices [B'], [B] respectively, and
substituting (5), (6) into (3) one can obtain for each Fourier-component the set of

nonhomogeneous linear algebraic equations (SLAE)
[D]Yep=Vup n=—oc,..0c, p=—oc, .00 (7)

where Yo, = [X3np(0), Xanp(0), Xznp(H), Xanp(H)]eol is the column - vector of

variables. The solutions Xin,(0) and Xinp(H) (k = 3, 4) of Eq. (7) are expressed via

Linps Lnp using Cramer's rule
Det([DF])

Xinp(0) = W: Kiwp(H) =

Det((DF]),

W: (k=3.4). (8)

The matrices [D%,] and [D’] are obtained by replacing the third and fourth
columns in the matrix [D] with the column-vector V,, , respectively. The matrices
[D";,] and [D",] obtained by replacing the first and the second columns in the matrix

[D] with the same column-vector respectively. Substituting (8) into (7) we obtain

Bid — IIUl. ﬂ;pB!iB 'Ud ﬂpB{& — 'Uféﬂ;aﬁll.:z

Xlﬁj:l (H-i] = Ix ny i

I
e T B B
"’ B _ ) {F:l _{F:l . 9
Xféﬁj:l(H-i} :Isﬁp L Sl Lo +Irﬁj:| e 2hp 2 ( )
Dy Dy

where Dy, = Det ([D]), Cinp = det([C1]), Canp = Det([C2]), Csnp = Det([C3]), Canp =
Det(C4]). Expressions for matrices [C1], [C2], [C3], [C4] are given in Appendix, see
Eq. (A.3).

As a next step, consider a case, when the upper shield is absent. Nonradiative
modes may be calculated using the technique described above. For this purpose one
should place the upper shield far from the strip grating. However, it is required to
construct an algorithm valid for calculations of the radiative losses. In addition, the
Green function constructed for open structures may be used for the problems of

antennas with 2-D grating.
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If the grating considered is bounded with an isotropic half-space y > H , Eq. (5)
should be changed. Defining ky = B, ; k, = vy, , we express Hy and H, for isotropic
medium via Ex E; as follows:

Hx:thx+tZEz;Hz:qux+qz Ez

where
i +=he (7 i)
et i
'.'/ hlep — hZ —

Here € and p are the permittivity and the permeability of the isotropic half - space y
> H. The branches of the complex function ky should be selected so that the condition
Re(ky) is satisfied, which corresponds to the case when the radiative waves leave the

grating surface. Thus for components of vector X', one can obtain

X}:—.p {H'I] = Ilﬁr {H-] {B_it]_"_trﬂ.it:i"_Qr-H}M] +X2ﬁ?:l{ﬂ-} (B}:fz"_tzﬂjtﬂ +"fsBi~1] {k = 3: "'1'}
(10)

Substituting (10) and (6) into (3) one can obtain SLAE with the variables Xn,(H),
Xonp(H), Xanp(0) and Xanp(0)

Xiwp (H) (Bl +E:B; + ‘i’rﬂi«ij + X p (H)(Bly + LB, + 484 ) -
Bk:a XEW{H] de w{ﬂ]‘

{(k=1,2)

Koy (HY(BYy + fe B+ quBLy) + Xowp (H) (Bl + L BL + @B

—B%EIE (0} — B%«ix*i'ﬁ?ﬂ{ﬂ} = —duny

Xing (H) (Bl + £ Biz + g Bl1) + Xonp (H)(Bla + £. 81z + ¢ Bls) —

—szjfg a0} — Bida‘fw{ﬂ) = Iz np-

(11)

The solution Xiup(0), (k = 3, 4) and Xinp(H) (k = 1, 2) of Eq. (1) are expressed

using Cramer's rule via the same Eq. (8) with k = 1, 2 for Xynp(H). The matrix [D] for

the case of open structure is composed of the column-vectors (Btl + t,BY + qXBt4) ,
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(B + t,B% + q,BY), (-BY3), (-B'y). The matrices [D;"'], [D,"], [D:""], [D4"] are obtained
by replacing the 1 + 4 columns in the matrix [D] with the column-vector Vy, ,
respectively. Substituting (8) into (11) we obtain the same expressions as (9), where
matrices [C1], [C2], [C3], [C4] are given in Appendix by (A.4). In the following all
considerations relate to both shielded and open structures.

Using the conditions Ex(x, H;) = 0, E, (x, H;) = 0 with |[x| < w /2 and taking into

account (9) we obtain the pair of infinite equations:

E 2 {R:f-rxﬁj: _I_Rg_l.rrw:le—ﬂﬁﬂﬂﬁ'ﬁ] =0
ﬁ=ozoc. j:l=o;00 II.I S ‘lﬂrf"(?: |.E.'I S 'ws,f(?
DD

{R;lg-rx i +R;‘§Ir?’m)e_ﬂ'ﬂ”r+w3] =10

(12)
where
i = (ﬂznpﬂéd - Ulﬁpﬂéﬂfﬂﬁpi i = {ﬂdnpﬂéd - "Eﬁj:IHéEIIfJDﬁp
Il = (UEWBL - Glﬁiﬂﬂia]fﬂwi i = {Umﬂﬂh - U!Eﬁrﬂia)f"ﬂw-

Taking into account (4), the equation (12) may be written as the vector

Fremdholm integral equation of impedance type:

wef® ran R -
f f iz, 2|’ (2, 2N de'de’ = 0 2| € we /2, |2] < w, /2

—i'r f!? —ly f!?

(13)

where the tensor Green function G(x, z | Z', z') has the form:

w“ = i e , ,
{}{.‘E:EI.T’:E’]I — E E ( P i )E—g[ﬁﬂtr—r']—ﬁ-ptz—s i

r=—cop=—ce | I} UL

The integral equation is solved using the Galerkin method. The weighted
Cehbyshev polinomials of the first kind Ti(x) and the second kind Uj(x) are used as

basis functions
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e 5) = (1 - @e0d?) (1 - 0o ) TS S auTu(2e fo U250

k=0 i=1

Jolx, 2) = (1- (22 fw.)?) 2 (1 - @z/w.)?) ~ Ef f Bl (22 ) Th(22 f0,).

prar;
(14)

After applying the Galerkin procedure to Eq. (13) we obtain the homogeneous
SLAE:

oG o oG oG
Eﬂ, Z E R:fzszz;y}r:llyfy +E by Z E ngz;k‘y;.izik 'Yy =0
] fi=—00 p=—0c * fi=—oo p=—od

[y fas [y [y
Yal| X REZHYIZ0YE |+ 00 | 30 30 MEYSYNZ0,20, | =0
I — +

=0 = =0 = —0n

B =0,..K; LI=1,.K.

(15)
where s = {kl} andr = {lk} Here

2oy = T Prwnf2), Zﬁk = Jr (1.2}
T = Je(Bettn/2) [Be. Y] = Fulp10:/2) [

where Ji(x) 1s the Bessel function of k - th order.

The resonant frequencies f r are found by an iterative root search from the

determinant of SLAE (15).

3. NUMERICAL RESULTS

The algorithm and computer program developed were compared against the earlier
published results. Numerical results for 2-D grating embedded into three-layered
structure with wy << Ly, w, << L, were compared to data available in [23],[15], with
selected data points listed in Table 1. For the computations, the permittivity of layers
1 and 3 was assumed to be that of air. The second layer is an isotropic dielectric with
€ = 2.2. Other parameters of the structure are:

d;=0.125,d,=0.127,d3 = 1.298, wx = 0.5, Ly =10, L, =40 mm, y =&, ¢ = 7.

Next the proposed algorithm is verified by comparing of the results with [15] for

resonator on ferrite substrate (see Fig. 2).



L.S. Nefedov 57

22.0
g This work
2 200 — e o Ref[I5]
>
Q
2 B
3
3 18.0 —
=
% B
= =200 A/m
2 160 0
Y
— 160 A/m
3.0 35 4.0 45 5
w, (mm)

Figure 2. Comparison with the results of [15]. f, for microstrip 2-D grating on ferrite substrate with
L,=3.556; L~14.2; w,=0.3556; d,=3; d,=0.127; d;=3.985mm; &=11.5; y=r; ¢p=0.

The three-layered structure is considered, where the second layer is ferrite while

the first and the third layers are air. According to [15], the permeability tensor of

ferrite has the form:

# 0 Jp.
ﬁ =0 1 0
_jﬁa ﬂ H

w, {mm) | f.(GHz) | f. trom [15] | f- trom [23]

8 14.11 1627 15.8
10 13.28 13.30 12.7
12 11.36 11.25 10.9

Table I. Comparison with strip resonator.
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M 20 30 40 &0 60 70
Jo | 641806 | 542975 | 543570 | 543962 | 544220 | 544418

Table II. Convergence investigation

where @ = (0%L- 0%/ (0% - ©°); Lo = ©ON / (0% - ©); op= 2mtyHy, op = 2myMo;

oL = (on(on + om)) "% He = 357.94 Oe (3000 A / m) is the inner field, y = 2.8 MHz /
Oe is the gyromagnetic ratio. Saturation magnetization My is being 2005 Oe (160000
A /m) and 2506 Oe (200000 A/m).

As seen from Table I and Fig. 2, good agreement was obtained for both structures,
validating the numerical solution to the three-dimensional boundary-value problems.
The difference may be explained by the fact that infinite grating is not fully
equivalent to a single resonator. To compare the results we need to take large L/ w ,
but the convergence of the series in Green function is decreased in this case.

Since there are no results for the resonant frequencies of the planar gratings or the
resonators on bianisotropic substrate, the results [12], [24] are used, where the
propagation constant of the dominant mode in a single strip line on chiral (biisotropic)
substrate is computed. The characteristics of the dominant mode in the periodic strip
line with wy / Ly << 1 are assumed to be close to those for the single strip line (see,

Fig. 3), where & =- j (g0 to)"* x, { = -,
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Figure 3. Comparison with the results of [12,23]. Dispersion curve for a periodic strip line with
period L,=23mm on a chiral substrate for various values of the chirality parameter x. N=2, =4+,
&=u=1=1, di=w,=3 mm, d,=30 mm.

The results obtained by testing the dependence of the algorithm convergence upon
the number M of the Fourier components taken to be into account are given in Table
II. The numbers of Fourier components in x and in z directions are taken equal to M .
The parameters of the structure are: N =3, Ly =1; L, = 1; wyx = 0.5; w, = 0.35; d; =
0.5;d2=0.1; d3 = 1 mm; y = 0; @ = 7. The layers 1 and 3 were assumed to be air. The
second layer is an uniaxial crystal which anisotropy axis lies in xOz plane and is
directed along z -axis. e = 11.5; g = 7, where €1 and g are the components of the
permittivity tensor of crystal across and along the axis of anisotropy.

The appropriate choice of basis which takes into account the current singularity at
the edges of strips, results in a very good convergence upon the order of Galerkin's
matrix Q . For lowest type of oscillation with M = 40 we have f; = 54.357 with Q = 4
and f; = 54.329 with Q = 12.

Finally, some new results for a shielded microstrip grating on an anisotropic chiral
substrate are presented in Fig. 4. The parameters of the structure are the same as in

Table II with the exception that the crystal has chiral property. Anisotropy axis lies in
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Figure 4. Resonant frequencies of microstrip grating and parallel-plate three-layered resonator
versus phase shift ¢ per period L,.

xOz plane and forms the angles 6 = 45° and 6 = 0 with z axis. We assume that & = -

. ? { = -£. The lowest resonant frequency of 2 - D grating versus phase ¢ for

j (2oto)
different phase shifts y and « are given in Fig. 4. It can be seen that the presence of
chirality decreases resonant frequency. The influence of the anisotropy axis direction
on resonant properties is small.

In addition the lowest resonant frequency of 2-D parallel-plate with the same phase
shifts is shown. It is equal to zero when y = @ = 0 . The resonant frequencies of

parallel-plate mode are poles of the equation for computing of the grating resonant

frequencies.

4. CONCLUSION

An efficient spectral-domain full-wave algorithm for solving the problems with
microstrip discontinuities, embedded into multilayered bianisotropic medium is
described. The integral equation method leads to the matrix problem of small
dimension Q . The order Q = 4 of matrix is enough for the calculation of the resonant

frequency of the lowest type of oscillation. The value of Q needed is defined by the
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type of oscillation calculated. Limitations of method, which appear for the high-type
oscillations consideration, are connected with the necessity to take into account the
large number of basis functions in the approximation of currents. The resonant
properties of the 2-D microstrip grating on the chiral anisotropic substrate are studied.
The algorithm presented may be used for calculations of both 1-D and 2-D infinite
gratings and resonators, embedded into complex media, which are characterized by
material parameter tensors &, W, &, {, having arbitrary form. The algorithm described
may be extended over the problem of wave diffraction on 1-D and 2-D infinite
gratings. This requires to specify the fields of incident and reflected waves on the
interface with isotropic half-space in the model of open structure. After that a
nonhomogeneous vector integral equation for deriving the reflected waves may be
obtained. The algorithm proposed may be improved by the acceleration of series

convergence in Green dyadic.
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APPENDIX A

The field components E, and Hy may be expressed via E, E,, Hy, H,, as follows

Ey = uEx +u,E, + viHy + v,H,

Hy = syEx + s,E, + t.Hy + t,.H, (A.1)

where

ty = (—Eonhefho + Eoalo1 — pooce1) /g
#y = (Sooftefoo + So2lon — pmewm) /g

v = pl—pinok fho + Seapint — posler) /g
v, = plposks ko + Soilen — Poolon)/
8y = E{Ezzksfkn +e21(oe — £ lo1) /g

- — ’—:{—E'Ejkrf'{kﬂ +523Cﬂ - 522(23]"'(’?

Er = (oot flo 4 E210e0 — Empin1 )/ 4
I, = (—Coske /b + Soaloe — E2afle)/ @
§ = pzeEw — Canles.
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The component of matrix [A] which are obtained from the Maxwell equations (1)

are expressed as follows:

Ay =iay — Rty + Xty + Ko panse

Ajs = 2(zz — Rty + 0ot + Roppizss

Aiz = kopptar — Bty +Gote + Roptzmts-

Ais = kopptz — Bty + et + Roppiaets

Ast = —(wi1 + Ratte +wiotte + Ropph1o8e)
Ass = —{t€1a + katty + 2oty + Foppios: )
Az = —{koppis + ke + ot + Foppiofs)
Apy = —{koppia + k., + (o, + kopiof,)
Azy = —(kogar/p + kuse + Fogastie [ 4 t0Ea08y )
Azs = —{hoeaz/p + hrss + hoemtts/ p+ 1208, )
Aza = (a1 + kofe + Rogaote /p + st
Ay = —(t0faz + kof, + kg €aotty /o + 0820t )
Agr = ko€11/p — FaSr + 12t/ o+ 128

Are = ko€1a/p — ka8s 12t o+ Wwhiess

Agz = wEyy — kE, + FgE ot [+ 08 oF

Ay =iz — ks + Rof19vs/ o+ ook,

The matrices [Cl1],

[C3], [C4] for the shielded 2 - D grating are given by the expressions:

| B, B, —Bl, |
[C1] = 353 354 _'E_!M
L Hﬂ .HFM _B:EM:
Bf]ﬂ "H;.d _'B‘]E.-i
[€2]=| BY; B}, -—B
L Hﬂ 'H:tiai _@d:
HE 'H;.ai _'H]E.E
[3]=| B B —Bia
L Hﬂ .HFM _'H:Ei:i
HE 'H;.ai _'H]E.E
[C4]= | B% B —Bia
B, By —Bi

[C2],
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The matrices [C1], [C2], [C3], [C4] for the open 2 - D grating are given by the

expressions:

B, +E: B, + 48], Bi,+LB+4e8], _Blm -
[C1]=| BY +1.B% +4.8% Bl +LB,+4.8, —Bh

| B+ Bl + 4.8}, Bl LB+ a8, — B, |
[ B, +E: B, + 48], Bi,+LB+4e8], _Blm -
[€2]=| By +1.B% +4.8% Bl +LB, 448, —Bh

| BY 418k +q.8Y B +LB+aBly —BYy |
[ B, +E: B, + 48], Bi,+LB+4e8], _Bllz -
[C3]=| BY +1.B% +4.8y Bl +LB,+4.8, —Bh

| By +5:8i +4:81 Bl +8.Bl; + 4.8l —Bi |
[ B, +E: B, + 48], Bi,+LB+4e8], _Bllz -
[C4]=| By +1.B% +4.8% Bl +L5B,+4.8, —Bh
| BY 418k +q.8% Bh LB +aBl —B |




