
Ph. Shubitidze, R. Zaridze, D. Ecomomou, D. Kaklamani, N. Uzunoglou 41

APPLICATION OF THE MODIFIED METHOD OF AUXILIARY SOURCES  
FOR THE ANALYSIS OF MICROSTRIP ANTENNAS 

 
Ph. Shubitidze(1), R. Zaridze(1), D. Ecomomou(2), D. Kaklamani(2), N. Uzunoglou(2)  

 
(1)Laboratory of Applied Electrodynamics, Tbilisi State University, Georgia  

(2)Institute of Communication and Computer Systems, National Technical University of Athens, Greece 
 

Abstract  
The modified method of auxiliary sources (mMAS) is applied for the analysis of planar 

microstrip antennas. The principle idea of mMAS is based on the concept of assuming auxiliary 
unknown current and charge density distribution on an auxiliary surface, which is usually taken 
to be conformal to the real surface. Applying the current contribution law the charge density is 
determined out of the current components flowing on the auxiliary surface. The respective 
boundary conditions on the conductors and the substrate material are utilized to solve for the 
auxiliary current on the auxiliary surface. The substrate material could be lossless, loss or 
inhomogeneous dielectric as well as complex material. Numerical results are presented for 
planar microstrip antenna cases, concerning near field and far field calculations. The validation 
of the results is confirmed by the satisfaction of all appropriate boundary conditions. 
  

1. INTRODUCTION 

Microstrip antennas have several unique features, which make them attractive candidates for 

many antenna applications, ranging from mobile communication to phased array radar systems 

[1-23]. Recent advances in packaging technology of microwave and millimeter wave antennas 

have engender a considerable amount of interest in the development of computer aided design 

tool for these packages. Creation of efficient method for numerical solution of these problems is 

of great practical interest. 

Over the past several years, many techniques have been developed [1]-[23] for the analysis of 

microstrip antennas. Even though the analysis in the past has been done utilized various circuit 

theory and other approximations, recently work has been performed utilizing the Green’s 

functions/Sommerlfeld approach  [24]-[28]. In this analysis, it is generally assumed that the 

ground planes as well as the dielectric regions are of infinite extent. Finite, single layer dielectric 

structures have been treated in [29]-[31]. An integral equation approach to the analysis of finite 

microstrip antennas is done [32]. 

In Section II, the general formulation of mMAS for the analysis EM problem is given. Section 

III describes the way mMAS is applied for the analysis of planar microstrip antennas while in 
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Section IV numerical results are presented concerning the near field and far field radiation 

patterns of a microstrip antenna.  

 

2. THE MMAS FORMULATION  

Let assume a linearly polarized, monochromatic electromagnetic wave with time dependence 

)exp( tjω− , incident on a penetrable body with surface S. It is known that the given problem is 

reduced to the solution of the Helmholtz equation, in the inner and the outer region of the 

scatterer, as 

2,1,0)()( 22 ==+∇ ll rFkrF scsc         (1) 

and the boundary conditions on the surface S of the scatterer, as 

{ } SrrFrF incsc£ ∈=+ ,0)()(   (2) 

where or  represent the wavenumber inside or outside the scatterer, respectively, inkk =1 outkk =2

)(rF sc  and )(rF inc  are the functions describing the scattered and incident fields, respectively, and 

 denotes the boundary conditions operator.  £

The principle idea of MAS is based on the concept of distributing a set of auxiliary current 

sources with unknown coefficients on virtual surfaces usually conforming to the real surfaces of 

the examined scattering structures [33]-[45]. Thus, auxiliary sources are distributed on auxiliary 

surfaces lσ ,  lying inside and outside the scatterer, to describe the external and internal 

excited fields, respectively. For conducting objects, L=1, since only one (internal) surface is 

required to describe the external field, while for dielectric media L=2, since two surfaces are 

required to describe both the external and internal fields. Then, using as auxiliary sources 

fundamental solutions 

L,...,1=l

)( rr n −Π  of the Helmholtz equation (1), where nr  are the positions of the 

auxiliary sources on the auxiliary surface lσ , a new family of functions is constructed as, 

),( rrnΨ =�{ ),( rr nΠ }, n=1,2,… (3) 

where � is a linear operator and 
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In [8], it is shown that, the family of functions 

{ ),( rr nΠ } and �{ ),( rr nΠ } satisfy the following 

properties: 

a. For each function of the family { }),( rr nΠ  which 

satisfies equation (1), a new function of the 

family �{ ),( rr nΠ } on the surface S always exists. 

b. The family of functions �{ ),( rr nΠ }  is complete 

and linearly independent on the surface S for the 

functional space L2. 

c. The weights of the auxiliary sources, which are 

the vector coefficients 
n

p  of equation (4), can be calculated by forcing the conditions of the 

best (in the meaning of L2) decomposition of the family �{ }),( rr nΠ , using the first N 

functions of the family (3). Thus, the scattered field on the surface S can be represented by a 

linear combination of ),( rrnΨ  functions 

S 
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Figure 1. The MAS geometry 
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which tends to the exact solution as ∞→N .  

The properties (a)-(c) of the fundamental solutions guarantee the existence of the vector 

coefficients { }N
nn

p
1=
, which ensure the validity of equation (2). These coefficients can be defined 

using the collocation or point matching technique, by imposing the boundary conditions at a 

finite number of points located on the interfaces between different media. For example, in Fig. 1 

the collocation surface (S) and the auxiliary surfaces ( , ) are illustrated for the problem of 

an infinite rectangular dielectric cylinder. Note that no external auxiliary surface is needed for 

the case of perfectly conductors, since the internal field is equal to zero everywhere. In the 

problem considered in the next section of the paper, all the necessary auxiliary surfaces are 

similarly defined.  

inσ outσ

Thus, in analyzing three-dimensional (3-D) electromagnetic structures using the MAS [7]-[11], 

the electric field at an arbitrary point r  can be represented as a superposition of fields,  
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=),( rrE n
sc � ),( rr nnΠ   (6) 

with �= . This electric field corresponds to the Green’s function of an electric dipole 

placed at the point 

2)( lk+∇⋅∇

nr , with a dipole moment 
n

p  and nRjk

n

n
nn e

R

p
rr l=),(Π , 

222 )()()( zzyyxxR nnnn −+−+−= , where  denotes the wavenumber of the region where the 

observation point is located.  

lk

At each point lying on the auxiliary surfaces ( , ), a set of orthogonal axes  can be 

defined, tangential to the surface, with unit vectors along the axes u and v given by the equations  

inσ outσ v)(u,
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where  represent the unit vectors of the reference Cartesian coordinates system. zyx ˆ,ˆ,ˆ

For each auxiliary source, placed on the considered auxiliary surfaces, the unknown vector 
n

p  

is written in the local coordinates system as vv
n

uu
nn

npnpp +=  or in the global Cartesian 

coordinates system as, zpypxpp z
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Thus, for each auxiliary source, a set of two unknown vector current components are 

encountered.  

Then, according to the collocation method, the real (dielectric or conducting) surfaces  are 

divided into M subsurfaces, with an orthogonal set 

S

{ }Mmv
m

u
m kk 1, =  of tangential vectors, attached to 

the center of each subsurface, given by the equations,  
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By imposing the boundary conditions for the tangential electric and magnetic field components 

at a finite number of M points lying on the real surfaces , the unknown weighting coefficients 

of the auxiliary sources can be determined and then the fields at any point of interest can be 

easily obtained. 

S
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When MAS is used to analyze thin and open structures, a large number of auxiliary sources 

must be introduced for the accurate description of the unknown fields. This is due to the fact that 

the fields generated by the elementary infinitesimal dipole "auxiliary sources" exhibit a distance 

dependence like r-3, r-2 and r-1. Thus, when treating thin and open structures, since the distance 

between the auxiliary and the actual surface(s) is small compared to the wavelength, the 

dominant term of the field (calculated on the physical surface(s)) is r-3 and r-2. This leads to 

numerical instability of the obtained solution and a large number of auxiliary sources are 

required to adequately represent the unknown quantities. 

      u

v

Ju
(i-1 ,k + 1 /2 )

J u
(i-1 ,k -1 /2 )

Ju
(i+ 1 ,k + 1 /2

)

J u
(i+ 1 ,k -1 /2 )

J u
(i,k + 1 /2 )

J u
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In order to overcome the aforementioned problem, a modification of the standard MAS is 

applied by using both current and charge densities on the auxiliary surface(s) as unknowns, 

instead of the dipole moments, while the produced fields are represented by vector and scalar 

potentials. However, in 

the proposed mMAS, 

the only independent 

unknowns are the 

current distribution 

components  and  

tangential to the 

auxiliary surface(s) (see 

Fig. 2), while the charge 

density ρ is calculated 

from the current distribution by 

applying the continuity equation. The basic idea of the described technique stems from the Finite 

Difference Time Domain (FDTD) method, since similar grid scheme and derivative equations 

are applied to solve for the charge density, as shown in Fig. 2. 

uJ vJ

Figure 2. Grid and unknown current components and 
charge distributions on the auxiliary surface, used in the 

Applying the proposed mMAS, the electric field produced by the auxiliary current and charge 

distributions is written in terms of the vector potential A  and the scalar potential ϕ , as 

)()()( rrAjrE ϕω ∇−=   (7) 

where 
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with  indicating the auxiliary surface.  auxσ

The surface integrals appearing in equations (8) are replaced by finite summations over the 

auxiliary sources. Furthermore, by using a finite difference approximation of the continuity 

equation, the charge density ρ is expressed in terms of the current components  and  (see 

Fig. 2), as 
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),2/1(),2/1()2/1,()2/1,(),(ωρ   (9) 

 

 

3. FORMULATION OF THE PROBLEM 

Microstrip antennas as shown in Figure 3 consist of a very thin metallic strip placed a small 

fraction of a wavelength above the ground surface. A dielectric sheet separates the strip and 

ground plane. In solving such problem using mMAS two auxiliary surface inside and outside the 

microstrip antenna volume are introduced (Figure 3). 

The current and charge densities distributed on the auxiliary surfaces inside ( ) and outside 

( ) the antenna volume are used to describe the fields propagating outside and inside the 

antenna volume respectively. 

innerσ

outerσ

The unknown current distributions on the 

introduced surfaces are calculated using the 

appropriate boundary conditions, ie, the : 
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Where )r(Esc
1

rr
, )r(Esc

2

rr
 and )r(H sc

1

rr
, )r(H sc

2

rr
 are the propagating electric and magnetic fields for 

observation point rr  placed inside and outside the antenna volume respectively. Hence  
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where  
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where R/)Rjkexp()r,k;r(G 00 =′
rr  is free space Green’s function, ε  is the dielectric permittivity of  

the region where the field is calculated. 

 

The charge density out,inρ  on the auxiliary surfaces is related to the electric currents on the 

corresponding auxiliary surface by the equation continuity law 

 

  out,inout,in jJ ωρ=∇′
rr

            (13) 

 

By combining (12) and (13) we have the fields produced by auxiliary sources:  
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The equations (10) form a system of linear equations with unknowns the current distributions 

inJ
r

 and  on the auxiliary surfaces  and . A collocation technique is used in order to 

solve this system. According this technique the boundary conditions are forced by requiring the 

continuity of electric and magnetic field on the dielectric surfaces as well as the short-circuit 

condition on the conducting surfaces at a finite number of points, equal to the total number of 

unknowns. By solving this system the auxiliary currents 

outJ
r

innerσ outerσ

inJ
r

 and outJ
r

 are determined and the 

electric and magnetic field can be calculating using equation (11). 

 

 

4. NUMERICAL RESULTS 

As example, consider a square microstrip 

antenna fed at the middle of one side be a 

transmission lane as shown in Figure 4. The 

square antenna is axa (a=5mm) and fed by a 

2.5mm long transmission line of width 

c=2mm. The ground plane is dxd (d=10mm) 

and dielectric substrate of 10x10x2mm 

(h=2mm) of dielectric permittivity 32.2=ε . 

The wavelength considered is 3cm. The 

antenna is excited by a constant voltage 

source of  placed at the beginning of the microstrip feeding line as shown in  m/V1Ez =

   c

ha

d

m/V1Ez =

ε=2.32

y

x

        Figure 4. Geometry of microstrip antenna 
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Figure 6. Eθ and Eφ components of the radiation pattern 

 

Fig. 5. The origin of the coordinate system is taken to be in the center of the parallelepiped  
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that is defined by the dielectric substrate, with the ground plane lying on the z=-h/2 , - 

d/2<x,y<d/2 plane, and the patch antenna lying on the z=h/2 , -a/2<x,y<a/2 plane. The total  

number of unknowns used in both auxiliary surfaces (Figure 3) are 3880 end the CPU time for 

Figure 7. Volume representation of the patch antenna radiation pattern. 

 

calculation of the matrix elements where 3 minute  while the CPU time for the solution of the 

matrix was 30 minute. 

X

Y

Z

In Figure 5 the Ex component of the electric field on the plane x=0 is shown. The validity of the 

boundary conditions can be checked through this figure since both short-circuit and continuity 

laws in the conducting and dielectric borders are satisfied. Finally, in Figure 6 both Eθ (φ=0) and 

Eφ (φ=π/2) components of the radiation pattern as well as their volume representation in Figure 7 

are shown. 

 

5. CONCLUSION  

The modified method of auxiliary sources is developed for the analysis of EM structures. In 

this paper additionally mMAS is applied for the analysis of a planar microstrip antenna. 

Numerical results are given and the advantages of the proposed method in both ease of 
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application as well as computational cost are exhibited. The authors are planning to expand the 

method by introducing also non-uniform grids in order to enable the solution of more 

complicated electromagnetic structures.  
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