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Abstract

Excitation of a plane waveguide with perfectly conducting walls by an elementary ver-
tical electric dipole in the presence of an anisotropic cylindrical inhomogeneity has been
studied. Diffraction of normal waves on this inhomogeneity has also been considered.
The interaction and transformation analysis of TE and TM modes at the boundary of cy-
lindrical inhomogeneity is given. The exact expression for the longitudinal component of
electric field intensity presented in the double series form is obtained. Numerical calcula-
tions of the scattering and total electric field are performed and compared with the simi-
lar dependencies for the case of an isotropic cylindrical inhomogeneity placed inside the
plane waveguide. Two limit cases are analyzed: the Relay approximation and the ray ap-
proximation for the case of long and short wavelength, respectively.

1. INTRODUCTION.

In the recent time significant attention has been paid to the investigating of electro-
magnetic waves propagation features inside plane waveguides containing uniform inho-
mogeneities. This considerable interest has been associated with wide use of the plane
waveguides model in hydroacoustics, seismology and, in particular, in the theory of LF
radiowaves propagation nearby the land [1]. As an inhomogeneity a borehole, mine, vol-
canic channel and other structures both of natural and artificial origin can be considered.
These inhomogeneities are known to have a substantial influence on the behavior of elec-
tromagnetic fields distribution inside waveguides [2-4]. In [5] the affect of step-form in-
homogeneity on propagation of electromagnetic waves inside a plane waveguide was
analyzed. The problem of electromagnetic waves diffraction on a perfectly conducting
cylinder located inside a plane waveguide with perfectly conducting walls was studied in
[6]. Excitation of a plane perfect waveguide in the presence of a magnetodielectric cylin-
der by some elementary dipoles was also investigated [7]. In this paper the excitation
problem of electromagnetic waves by a vertical electric vibrator located inside a plane

waveguide with perfectly conducting walls in  the presence of an anisotropic
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inhomogeneity in the circular cylinder form has been considered as well as the diffraction

problem of normal waves on this inhomogeneity.

2. BASIC EQUATIONS AND BOUNDARY CONDITIONS.

Consider the plane waveguide with perfectly conducting walls inside which the anisot-
ropic cylindrical inhomogeneity is located. In Figure 1 the model geometry is demon-
strated: it is the side view on the plane waveguide of the width L with the anisotropic cyl-

inder of the radius b, as well as the top view in the section of plane z = z,. The cylindri-

cal coordinate system (7, ¢ ,z) is selected with the axis z oriented along the cylinder axis.

As the source we have used an elementary vertical electric dipole placed outside the
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Figure 1. Schematic representation of the problem model.

cylinder at the point with the coordinates (a, ¢, , z, ). Properties of an anisotropic medium

are characterized by the relative dielectric permittivity tensor
g 00
e=|0 & 0 (1)
0 0 g
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and the relative magnetic permeability 4,, and medium properties of the waveguide are

the constants ¢, and ;.

For the vertical electric dipole the vector electric and magnetic potentials 74 and ;7 ,
respectively, have the longitudinal components only. The equation assumed for the verti-
cal components of this potentials can be presented in the following form:

e inside the cylinder (region I)
1 0°4,

ALA1+X g +k;A4, =0 ()

AF, +I;F =0 3)
e outside the cylinder (region II)

AA, +ki A, =—]. 4)

AF, +k;F, =0. %)

Here k; and k; are the wavenumbers inside and outside the cylinder, respectively:
ky =ky\|& 1, ky =k, & 15 ky =@/ c is the wavenumber in vacuum, @ is the circu-
. . . & . . .
lar frequency, c is the speed of light in vacuum; A = — is the anisotropy coefficient; z-
&

component of the extraneous current is as follows

Jo= ol ablo ol z,) ©

where [y is the current amplitude at the frequency @, / is the radiator size, d(x) is the

Dirac delta-function symbol.
The following expressions for the components of electric and magnetic fields intensity

using the Lorenz calibration of the potentials will be used in such way [7]:
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. 2
Ho- Lo0F Lo (10)
o, oroz  r op
. 2
H= L 1OF ol (11)
ouu, r 0poz  or
. 2
H =" (a Ij+k2FJ (12)
o, \ Oz

Formulate boundary conditions on the waveguide walls and the cylindrical surface.
Firstly, the tangential components of electric field intensity on a perfect surface equal

zero (E, =0,E,=0) and in accordance with (7) and (8) for z=0 and z=L the

boundary conditions can be written as

od =0, F=0. (13)
Oz
Secondly, on the circular anisotropic cylinder at » = b the following boundary conditions

have to be performed

s H - H ’
@3 ol @3 (14)

3. BOUNDARY PROBLEM SOLUTION.

To solve the problem stated ((2-6), (13) and (14)) we shall apply the expansion of
sources and desired field in terms of the normal waves of the plane waveguide with the
perfectly conducting walls, as well as the variable separation method [10]. The problem
eigenfunctions satisfied the boundary conditions (13) are well known and can be pre-

sented as [6]
flz)= cos[nﬂLj
. z
g(z) = s1n[mz LJ

For the d-functions included in the (6) we shall use the following representation in the

series form [8]
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5lp—00)=1 > cos(sp,) cos(so)
o . (15)
z z
S(z—z,)=— n_zwcos(nﬂ LO) cos(n;r Lj

Using the expressions (15) the solution of the problem stated will be given in the dou-

ble series form:

4= ZacOeodnrJendorJeofdo-] 010
=Y 2R, (eof nx ™ Jsinnz* Jsin[do-0)] (7
A3=nZ;O S 4 (r cos[ = jcos(mzjcos[s(qp—%)] (18)
F=Y ZFM cos( L]sin(mri) sin[s(¢ — ¢, (19)

N=—00 §=

Substituting (6), (15)-(19) into the equations (2)-(5) we can obtain the following sys-

tem of the ordinary differential equations for the 4, (r), 4,,.(r), F, (r) and F, (7)
d’4,. 1dA, 1 (I’lﬂ')z s?
ok -] =5 |4, =0 20
dr’ rodr 4{ > AVL rr (20)
’F, | 1dF, _kz ("”jz S g Zo 21)
dr* rodr |7 \L P
d2A23ns ldA3ns k32 _(m)z _ % e == [Ol 5(1" —Cl) (22)
dr rodr | L re | 2xL Jr—a
d’F 1 dF,, ?
M e (M) e (23)
dr rodr L r ‘

Represent the general solution of the equation (22) in the form

4L

3ns =

Js (K3na) Hs( )(K3nl”),7‘ za

The expression between the square brackets is the particular solution of the equation
(22) and corresponds to the forward wave which is propagated from the source to the ob-

servation point. The second summand in the (24) conforms to the wave reflected from the
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inhomogeneity, and Ryc is the reflection coefficient of the electric wave with indexes n

and s from the cylinder. Here Jy(x) and H'"(x) are the first kind Bessel and Hankel func-

tions of the s order, respectively. In (24) the following designation for the radial

wavenumber in the waveguide is used

, (n7
ks = k=) L =020

In analogy the particular solution of the uniform equations (20), (21) and (23) can be

written as

A4, = IL _i i e J ( )COS(I’UZ'ZLO) COS(l’lﬂ'zj cos[s((o - gpo)] (25)

n=—0m §=—0

F, . = Z of i ZT”” ( )COS(IMZ’ZLO) sin(nﬂi) sin[s((p— (oo)] (26)

n=—o0 §=

F,. _ﬂé’o i iR;’:” Hf”(/{w )cos(nﬂZLj sm(nﬂ Ljsm[ (/7 Po ] (27)

Here we have introduced:  is the vacuum characteristic impedance equal 1207, Om

and the radial wavenumbers

2 2
, l(nx , [(nx
wom 1) s )

The coefficients 7,, and T, in the formulas (25)-(26) describe the amplitude of
electric and magnetic waves, respectively, transmitted into the cylinder. They result from
transformation of electric waves incident on the cylinder surface. R::' is the transforma-

tion coefficient of electric waves into magnetic as a result of reflection from the cylinder.
These coefficients are defined from the boundary conditions on the cylinder surface (14).

The solution of the applicable equations system yields

ee __

_ _{{D:M,f _S2C”C€}} JS(€3")) 1_1(1)(0[3 ) (28)
DDf —s*crcet HV(B,,) © "

em 2/“3 S C; Hv(l) (a3n )
Rns == 2 U NE 2 e 2
”ﬁy’ {Dn Dn - Cn Cn} [H(l)(ﬂ3n)]

(29)
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.2 D HS(1>(053,,) (30)
T (pepp - i J(p)H(8,)
Lo s W)

= —] .
" mp (DD -sicic) J(,)H"(6,)
In the formulas mentioned above for the reflection and transmission coefficients (28)-

(31) we use the denotations:

U_Mam)%HM&)W_a@Lmﬁewwm)

ﬂ J (ﬂ) ﬂ3” Hs(l)(ﬂ%)’ " ﬂl” ﬂl” Js(ﬁZn)_ﬁ3” Hil)(ﬁ%)

e _iﬂZn JS(ﬂZn) & Js(ﬂsn) = nr ﬂsn i Ccr = nr :B3n ﬂnz

" ﬁln IBIn Js (ﬂzn) 163)1 JS (ﬁ3n) ’ ! kOL ﬁlnﬂSn ’ ! k L ﬂ ﬂ3n
We also assume that

B,=x,b; B, =x,b,where j=123; a, =«

2
Kln = k12 _A(n[;l[j .

Mention should be made that the diffracted electromagnetic fields are completely de-

a,

3n

scribed by potentials 4, and F;, i.e. the coefficients R, and R, . To define electro-

magnetic fields inside the cylinder we must use the potentials 4, and F] and the expres-
sions for the transmission coefficients (30), (31).

The vertical component of the electric field intensity E. is of great importance for
measurements. Using the relations (9), (24) and applying the addition theorem for the cy-
lindrical functions [9] to the expression (24) described the field without the dielectric in-

homogeneity for the outside cylinder region we reduce

1l
3z = 4L f;j e 371 [H(l) KSHR)+R::H5('1)(K3nr)]X

X cos(n;rzl(jj cos(nﬂz] COS[S((P — 9, )] >

where R, is determined (28), ¢ = /1,1, / €;&, is the medium characteristic impedance

(32)

filled the waveguide, and R = \/ r’+a’ -2ra cos((o - qoo) .
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It should be noted that in the plane waveguide the electric waves contain «telegraph
mode» as the fundamental wave (n=0), i.e. TEM-wave. In this case from the relation

(32) the longitudinal component of the electric field can be easily defined

E,.=E{ +E?, where (33)
[©) ]Ol [€))
Y =~ kG Hy (kR), (34)
(2) ]Ol N ee ry(1)
E;; = _Ek3§3 zRosHs (k3r) COS[S((D - (/)0)] ’ (35)

s=

ee __ Mg Js(ﬂ3) (1)

0s __Dg Hs(l)(ﬂ3) s

(a3); ﬂj = kjb,j =1,2,3; a,=kya.

The expression (34) describes the forward wave which is propagated from the source
to the observation point, and the expression (35) can be interpreted as the diffracted field.
Using the expression (32) the numerical calculations of the total and reflected electric

fields intensities inside the waveguide are performed. Figure 2 and 3 show the plots of the
/

electric fields normalized to the quantity E, = =k, as functions of the distance
2L

y=x,tg¢, where x, =3 and the azimuth angle ¢ ranges from 0° to 80°. These figures
conform to the cases of isotropic and anisotropic inhomogeneity, respectively. Here we
have applied the following lines designations: the solid line is &€ =3 (Figure 2); the dot-
dashed line is £ =9 (Figure 2) and ¢, =3, ¢, =9 (Figure 3); the dashed line is & =30
(Figure 2) and ¢, =3, &, =30 (Figure 3). Note that these lines designations will be here-

after used.
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Figure 2. Total E_ - component as a function of a distance for an isotropic inhomogeneity.
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Figure 3. Total E_- component as a function of a distance for an anisotropic inhomogeneity.
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In this calculations we use the following values of the nondimensional parameters:
kb=1, kja=3, k,L=6, kyr =x/cose, ¢, =n, & =1. The calculation results have

shown insignificant effect of the cylinder anisotropic properties on the scattering field
structure at high values of the permittivity. However this affect comes into particular
prominence at relatively small values of the permittivity.

Figure 4-7 illustrate varying of a scattering indicatrix for the isotropic (Figure 4, 6)
and anisotropic (Figure 5, 7) inhomogeneity depending on the distance to the observation

point k,» =4 (Figure 4, 5) and k,r =10 (Figure 6, 7). Here we also assume ¢, =0. At

high values of the permittivity the scattering indicatrixes for the isotropic and anisotropic
cylinders (Figure 4, 5 or Figure 6, 7) agree in type while they differ noticeably at small
values of the permittivity.

In Figure 8-11 (by analogy with Figure 4-7) the azimuth dependencies of total electric
fields intensities are demonstrated. It should be mentioned that the cylinder anisotropy is

not a factor.

4. ASYMPTOTIC APPROCHES

The expressions obtained for the z-components of electric field intensity (32-35) are
rather complex that makes their analysis difficult. Therefor consider two limit cases:
long and short wave approximations.

a) The Relay approximation.

The wavelength in the waveguide is assumed to be much less in comparison with the

cylinder radius, i.e.
kb <<1. (36)
Under this condition the series in s in the expression (35) for the field reflected are fast
converged. Therefore the two first terms corresponded to s =0 u s = 1 can be limited.

We will also use the approximated expressions of the cylindrical functions for the

small values of the arguments x << 1 [9]

1(x) 2i
Js(x)z—(f) , Hé”zglln(yij. (37)
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Figure 5. Scattering indicatrixes for an anisotropic inhomogeneity at k,r = 4
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Figure 6. Scattering indicatrixes for an isotropic inhomogeneity at k,r =10
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Figure 7. Scattering indicatrixes for an anisotropic inhomogeneity at k,» =10
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Figure 8. Azimuth diagrams of total £ - component for an isotropic inhomogeneity at k,r = 4
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Figure 9. Azimuth diagrams of total £ - component for an anisotropic inhomogeneity at k,r = 4
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Figure 10. Azimuth diagrams of total E - component for an isotropic inhomogeneity at k,r =10
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Figure 11. Azimuth diagrams of total E_- component for an anisotropic inhomogeneity at k,r = 10

As a result substitution of (37) into (34) and (35) yields the following formula for the

z-components of electric field intensity inside the waveguide

E, = —i—‘i@g {Hé“(k3R)+i7f[A(%j e )" (kyr) -

- B(%) 2 H" (0, )H (kyr) cos( g~ %)] }

where the coefficients 4 and B are as follows

&, N5 1A%£(_V@j%%)

(38)

27‘91131 Jl(ﬂz) 1ﬂ3 2 J1(ﬂz)
A:ﬂ ln(;/'B3J+AE3'81J°(ﬂ2); o 1+AﬁﬁM .
: & B J(8) & By (p)

When the wavelength inside the cylindrical inhomogeneity is also much less in

comparison with the cylinder radius, i.e.
kb <<1. (39)

the simplified expression for the electric field can be written in the form

A
SIS L RS
2 Ag,

[t (2 )ty e eodsto )]

It is worth noting that in the Relay approximation for a perfectly conducting cylindrical

(40)

inhomogeneity the similar expression for the vector potential was obtained in the paper
[6].

b) The ray approximation.

There is another limit case which allows to obtain the simplified problem solution. It is
the ray approximation. The cylinder radius is suggested to be much less in comparison

with the wavelength inside and outside the waveguide, i.e.
kb >>1 (41)

kb >> 1.
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In this case it is convenient to use the Watson transformation [10] which allows to
transform the formula (35) into the series fast converged. For this purpose transform the

series of the form
S = ; A4, exp[im((/) -9, )]

into the contour integral

ij; exp[i v((o —Q, — ﬂ)]

5= 2 sin( V7Z')

Adv.

Moreover we shall use the Debay asymptotic expansion for the Hankel functions [9]

H(l)(z) ~ #e—iﬁMeiz(sinyf;/cosy)
Y r’zsiny
H(Z)( )~ # —iz/4 ~iz(siny-ycosy)
vy \Z) = 2 . e e .
r’zsiny

As the result substitution these relations into the formula (35) reduces the following

expression for the vertical component of the electric field intensity
(2) IOZ S io(v)
EY =2k Y §f (M F(e™ v, (42)
=0

where

_ G sinysy, —gysinyy, |

-1
= ‘ - ; F\v)=\2zk,\Jasiny, rsiny, | ;
G sinysy, + ¢y sinyy, () ( 3\/ ’ ’ )

fi(v)

CD( V) = k3a(sin Vg = V34 COS 7/3a) + k3r(sin Vs, — Vs, COS 7/3,) -
- 2k3b(sin Vs — V3 COS 7/3b) + V[((/) - (po) +2m- 27[] ;
v=kiacosy,, =k,rcosy, =kbcosy,,.

The rays geometry is shown in Figure 12. To calculate the integrals included in the
formula (42) we apply the stationary phase method [10]. The stationary phase point
v =1 is defined from the equality to zero of a derivative of the function @(v) which can
be written as follows

73a+73r_273b:(¢_§00) (43)
siny,, = cosd,
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P (observation point)

Q (source point)

Figure 12. Physical interpretation of the ray approximation.

Figure 12 shows that the stationary phase point is the reflection point of the spherical
wave incident on the cylinder from its surface. Hence, the angle 6, is the angle of a wave
incidence on the cylindrical inhomogeneity surface.

As a result we have obtained the following expression for the vertical component of
the electric field of the wave reflected from the inhomogeneity

E® = E,(R)f " G,. (44)
Here Ey(R) describes the field of a wave incident on the cylindrical inhomogeneity

1.1 expilk;R—7/4
EO(R):Lksé; (237[k R )
Y 3

2L
The quantity £, is the Frenel coefficient of the plane wave from the anisotropic dielectric

»  A{ cost;, — g cosb,
S = A¢, cosb, +cos,

It should be marked that having passed to the case of isotropic inhomogeneity we deduce
the expression for Frenel coefficient presented in [10].

The multiplier Gj is the ray tube divergence

bcos0,
G3 = ' ' s
2R +(1+ R/ R)bcos,

and the distances R and R are defined by the formulas
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R=asiny,, —bsiny,,

R =rsiny,, —bsiny,,

5. CONCLUSION

In this paper the excitation problem of electromagnetic waves by a vertical electric vi-
brator inside a plane waveguide with perfectly conducting walls in the presence of an
anisotropic cylindrical inhomogeneity and the diffraction problem of normal waves on
this inhomogeneity has been considered. Using the expansion of sources and fields in
terms of the normal waves of the plane waveguide together with the variable separation
method yields the exact solution of the diffraction and excitation problem by the extrane-
ous source of the inhomogeneity in the anisotropic circular cylinder form. This solution is
presented in the double sums form over the eigenfunctions of the perfect plane waveguide
and the azimuth eigenfunctions of the cylinder what is very convenient for numerical cal-
culations. The anisotropy affect on the field diffracted in the waveguide has been
analysed. It is shown that due to the mutual transformation of TE and TM modes the ver-
tical electric dipole excites both electric and magnetic waves.

The numerical results of the scattering indicatrix and the total field structure inside the
waveguide have also been performed. The two important particular cases have been
considered in detail: diffraction on the thin cylinder (the Relay approximation) and

diffraction on the cylinder of a large electric radius (the ray approximation).
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