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Abstract

In this article, the analytic expression of levitation force between axially polarized
magnetic disks is given. This is achieved through calculating the function of levitation
force between two uniformly charged coaxial ring-shaped disks. The calculating
function can be studied or tabulated. By using approximate expressions, a rapid
calculation can be performed. The presented expression is tested with the data from
literature.

1. INTRODUCTION

The study of the force between two permanent magnets is important both
theoretically and practically, as many applications need solutions of problems related
to it. The reason is that permanent magnets can be used in different applications such
as electrical machines, magnetic joints for mechanical transmission, magnetic
suspensions, etc. Moreover, magnetic joints with permanent magnets are the only
devices used for the transmission of forces and torque between two aggregates
installed in different environments (liquid—fluid, high pressure—vacuum) divided with
non-ferromagnetic walls [1].

There are numerous techniques for analyzing permanent magnet devices. Most of
them are based on the finite elements method [2-4]. The market offers software based
on this method, which can calculate a large number of parameters needed to analyze
the performance of permanent magnets. The method of finite elements, however,
expresses serious difficulties when applied for open zones, despite continuous efforts
for its modification and improvement. Therefore, it is better to avoid it in some
particular cases, and to use other options instead. A simple formula for the
calculation of levitation force between two coaxial uniformly polarized magnetic
disks is proposed in [5]. It simplifies the calculation compared to the method of finite
elements. This formula has practical importance and represents a special case for the

numerical calculation of the integral of the above-mentioned force.
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The scope of this article is to propose an analytic expression for the calculation of
the levitation force between two coaxial uniformly polarized magnetic disks. In our
case, we will base on the concept of the calculating function given in [6] as a

normalized primitive of the integral of needed force.

2. MATHEMATICAL MODEL

The analysis to find out the analytic expression of the levitation force between two
coaxial uniformly polarized magnetic disks is based on the assumption of ideal
magnets that are characterized by fixed and uniform polarization. Experiments
confirm that this assumption is very realistic in the case of modern high strength

materials such as NdFeB are used [7, 8].

There are two mathematical models to approach permanent magnets: the model of
electrical currents and the model of static magnetic charges. In our analysis we will
focus on the second one, which models the permanent magnets as volume (pm) and
surface (oy,) distribution of magnetic charges. The volume and surface distribution of

magnetic charges can be calculated using the following formulas:
pm(x) = -VM(x) (1a)
om(x) = M(x)-n (1b)

In the above formulas, M is the vector of magnetization at the point with coordinate x,
and n denotes the unit vector, perpendicular with the surface of the magnet.

For permanent magnets with uniform magnetization, based on (1a), the distribution

of volume magnetic charges is zero

pm=0 2)
and the model of permanent magnets can be expressed only with the distribution of
their surface (om) magnetic charges. The magnetic field (B) of these permanent
magnets, based on the analogy with electrostatic field, can be computed using the
following integral expression:

B(x) =&jwdg- 3)

47 |X — X'|3
S
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where S defines the surface that bounds the magnet.
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Figure 1. The geometry of magnets (a) and their mathematical model (b).

The force (F) between two magnets can be computed using the following integral

expression:

F= o, (x)B,, (x)dS (@)

where B is the external magnetic field due to other currents and/or magnets.

Figure 1a presents the geometry and the reciprocal position of two coaxial ring-
shaped and uniformly axially polarized magnets. Figure 1b presents a mathematical
model, derived from the above model, of four coaxial ring-shaped and uniformly
charged disks, two for each magnet, and with alternate surface density. These disks
are equal with the front of the magnets and their surface density can be computed
using the following expression:

om = Mk oom = M2k (5)

where M; and M, denote the vector of magnetization for each magnet, and k is the
unit vector according to the axis of the magnets. So, the computation of the force
between two magnets can be reduced in the computation of the sum of forces between
charged disks of each magnet. In our case, because of symmetry of the problem, only
axial component of force exists. If we define as f,, the force between two charged

disks, then the axial force between two magnets can be computed as:

F= Z(_l)n+m fmn (6)

2
m=1 n=1

where index m stands for the first magnet and index n stands for the second one.
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3. THE FORCE BETWEEN TWO MAGNETS

The calculation of the force between two magnets is based on the calculating
function of the axial force between two coaxial uniformly charged disks. Figure 2
considers two disks, one from each magnet of figure 1. The axial force between these

disks can be derived from (4), by substituting By with its expression given in (3).

RZ I 2m

27RtD

o= HoclmGZm J.dRJ‘dtJ‘ n mnde P (7)
4n R’ +t” + D}, - 2Rtcos0)”

where:
Dmn = Zn - Zm (8)

Is the distance between two disks plans.
The calculating function of the axial force between two coaxial disks can be

defined as follows:

2m
n

|
|
!
:Z im

2 1 m

Figure 2. Two coaxial uniformly charged disks

F(r.2) = J' dRIdt J' 2nRtzd® 9)
2 4t% 42 —2those)

The force (7) can be expressed by using its calculating function (9) through the

following relationship:
MOGlmGZm i+
fon = ( IR F[ ) (10)

The substitution of (10) in (6) defines the quantity of the axial force between two
magnets expressed with the calculating function F(r, z):
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uM,M 2 2 2 2 r 7 —7 1 M,M 16
F-fo'1™2 _)™i+i R2E _j, n_“em | _ FolTVT2 F(r,z.)(11

m=l n=1 i=1 j=1

where v = 8n + 4m + 2i + j — 14, A, = (-1)"™IR? r, = rjRi and z, = (z, - Zn)/R..

4. THE STUDY OF CALCULATING FUNCTION F(r, 2)

The study of calculating function F(r, z) includes the evaluation of its analytic
expression, the behavior of the function in special points, and the tabulation of its
values for a quick computation. The appendix of the article displays the table of
values of the calculating function F(r, z). For ranges of values that are not included in

the table some approximate expressions are given.

4.1. Analytical Expression

The analytical expression of the calculating function can be obtained by integration
of (9) firstly by variable t, then by variable R, and at last by variable 6. The last
integration can be performed only by using the Legendre’s elliptic integrals. The final
analytic expression of the calculating function after calculations based on [9, 10] is:

F(r,z) =2n?sgnz(1+r?) — 2nz {%[(ﬂ k*)K (k) - 2E(k) |+
%ﬁMW +1)H(hl,k)—h2 (m—l)n(hz,k)}r
+E\F[h3(\/1+7+ r)l‘[(hs,k)—h4(\/1+7— r)H(h4,k)} (12)

where K(k) and E(k) are the complete elliptic integrals of first and second kind
respectively:

% %
dx :
K (k) :I— E(k) :J‘\/l—kzsm2 xdx
0 V1-k?sin® x )

with module k equal to:

) 4r

:(1+r)2+22 ()

and IT(h, k) is the complete elliptic integral of third kind

%
dx

!(l+ hsin? x)\/l— k2 sin? x

TI(h k) =
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with module h as the follow:

h = 2r - 2r h = 2 h - 2 (14)
e ’ Jrevz2? 4 /T A Vi+z% +1

4.2. The behavior of the function F(r, z) for z values near zero

The calculating function F(r, z) has a jump in the point z = 0. To study its behavior
in the points z = 0+, we have to study the behavior of the elliptic integral of the third

kind IT in special points [11]. So, the behavior of the function IT for h — oc is:

KK(K) Jh

T
k?+h 2da+mw2+m

and forh > -1 (lh|<1)is:
T h
2 J@+hy=h-k?)

(15)

(16)

Based on (15) we can write:

nqmnmbmzkﬁqm+“r

Hy

lim . I(h, k) = kzl((k)—k (17)

and based on (16):

mr T

limh,(h, k) = T limh,(h, k) = e (18)

The values of the function F(r, z) for z near zero can be obtained by substituting the

above expressions in (12):

2

pér r<1

19
pér r=>1 (19)

F(hOi):iﬁnz{;

4.3. Approximate Expressions

The tabulate calculation of the function F is limited, because it does not include all
the values of its variables. To eliminate this handicap, some approximate expressions
of F are presented below. These expressions can be used only for r < 1. The values of

F for r > 1 can be calculated by:

FG,Z):%F(r,rz) (20)

The verification of the above formula derives directly from (8).



M. Braneshi, O. Zavalani, Y. Luga 7

— for small values of r (r — 0) the following approximate expression can be used:

F(r,z)=n’r’sgnz(A —Br?) (21)

where A, and B, are as follow:

|z ] 3lz|
=2|1- B =——— (22)
A ( NL 4(1+22)"

The use of expression (21) to compute the value of F gives an error that does not
exceed 0.05% for r < 0.3, and decreases to 0.01% for r < 0.2. For r < 0.1, the

approximate value of F computed with (21) has six numbers equal to the correct one.

— for high values of z (z — ) the following approximate expression can be used:

2.2 B D
F(r,z);n! sgnz(l—iz+—j—c—g+—82] (23)
z AN AR A

where A;, B;, C; and D, can be computed as:

A =2(1+r?) B, =5(1+3r%+r*) C,=2(1+6r>+6r*+r°)

z

D, =2 (1+10r? +20r* +10r° +r®) (24)

The use of expression (23) to compute the value of F gives an error that does not
exceed 0.1% for z > 3. For z > 5, the approximate value of F computed with (23) has

six numbers equal to the correct one and for z > 10 it has until eight numbers equal.

5. NUMERICAL EXAMPLE
The analytical expression (11) presented above was tested against numerical data

that have been taken from [5], in which a numerical formula for the calculation of the
levitation force between two coaxial uniformly polarized magnets is presented. The
numerical input values are: M = 430000 A/m, Ry =r; =20 mm, R, =r, =40 mm, H =
h =10 mm. The magnets are arranged in a way that their magnetization is in opposite
direction and the distance from their nearest fronts is assumed 10 mm. The value of M
corresponds to bonded NdFeB material.

Based on (11) the following table is filled.

A, | z F(ry, 2,)
+0.0004 1 4.583657
—-0.0004 2 1 110.346380
-0.0016 0.5 0.5 [2.586595

[ERN

W N R[<L
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4 +0.0016 1 0.5 8.331688
5 —-0.0004 1 0.5 8.331688
6 +0.0004 2 0.5 [14.496096
7 +0.0016 0.5 | 0.25 3.624024
8
9

—-0.0016 1 | 0.25 [11.950434
—0.0004 1 1.5 2.799282
10 +0.0004 2 1.5 |7.435360
11 +0.0016 0.5 | 0.75 [1.858840
12 -0.0016 1 | 0.75 [6.082812
13 +0.0004 1 1 ©4.583657
14 —-0.0004 2 1 10.346380
15 -0.0016 05 | 0.5 [2.586595
16 +0.0016 1 0.5 8.331688

In this table the values of F for r > 1 are computed based on (20).
Substituting the above values in (11), the value of axial force derived is:

F = 36.726623 [N]

The formula presented in [5] by Furlani gives for the same inputs the value of
levitation force F = 36.766451, which is very near to the above value computed with

the analytical expression presented in this article.

160
140
Formula (11)
—120 - + Furlani [5]
<,
@100 -
2
o
2 80
60 -
40 -
20
0 : : iy
0 1 2 3 4 5 6

Separation Distance [cm]
Figure 3. The axial force versus separation distance between two magnets.

Figure 3 presents the levitation force between two above magnets versus their
separation distance. Crosses present the values computed using the formulae of [5].

The comparison of data shows a good accordance.
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6. CONCLUSIONS
An analytical expression has been derived for calculating the levitation force
between two coaxial uniformly polarized permanent magnets, which, within the
assumptions accepted, increases the accuracy and speed of computation. Knowing the
computation procedures of elliptic integrals allows a quick programming of the

analytical expression.

The analytical expression (11) can be used in a wide range of computations.
Comparing it with the formula of Furlani [5] the following priorities can be
distinguished: (a) it includes the case where two magnets are in contact with each
other (h = 0), and (b) it includes every kind of magnet instead of [5], which includes

only similar magnets.

The tabulation of calculating function offers a good possibility for a quick and low

cost computation.
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APPENDIX
Table of values of calculating function F(r, z).
Case0<r<land0<z<1.
r
’ 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50
0.00 0.049348( 0.197392| 0.444132| 0.789568| 1.233701| 1.776529| 2.418053| 3.158273| 3.997190| 4.934802
0.05 0.046881| 0.187498| 0.421764| 0.749536| 1.170597| 1.684656| 2.291322| 2.990084| 3.780276| 4.661022
0.10 0.044433( 0.177678| 0.399569| 0.709819| 1.108011| 1.593570| 2.165735| 2.823516| 3.565621| 4.390366)
0.15 0.042021| 0.168005| 0.377711| 0.670723| 1.046435] 1.504019 2.042380| 2.660099| 3.355343| 4.125737
0.20 0.039662 0.158545| 0.356343| 0.632526| 0.986323| 1.416685| 1.922236| 2.501199| 3.151300{ 3.869630
0.25 0.037369( 0.149358| 0.335600| 0.595473| 0.928068| 1.332158| 1.806138| 2.347957| 2.955013| 3.624024
0.30 0.035157 0.140492| 0.315596| 0.559769| 0.871998| 1.250916| 1.694753| 2.201263| 2.767631| 3.390350
0.35 0.033034| 0.131989| 0.296421| 0.525577| 0.818365| 1.173325| 1.588576| 2.061755| 2.589931 3.169507
0.40 0.031008| 0.123877| 0.278143| 0.493013| 0.767350| 1.099636| 1.487934| 1.929828| 2.422358| 2.961937
0.45 0.029084 0.116179| 0.260805| 0.462154| 0.719064| 1.029998| 1.393003| 1.805668| 2.265069| 2.767707
0.50 0.027266 0.108903| 0.244431| 0.433037| 0.673559| 0.964466| 1.303829| 1.689284| 2.117991| 2.586595|
0.55 0.025553| 0.102054| 0.229027| 0.405667| 0.630831| 0.903019| 1.220352| 1.580544| 1.980877| 2.418170|
0.60 0.023946( 0.095628| 0.214582 0.380021| 0.590836| 0.845575| 1.142428| 1.479213| 1.853352| 2.261861
0.65 0.022441 0.089616| 0.201073| 0.356056| 0.553496| 0.792003| 1.069853| 1.384979| 1.734959| 2.117009
0.70 0.021037 0.084004| 0.188469| 0.333710| 0.518707| 0.742140| 1.002380| 1.297482| 1.625186| 1.982909
0.75 0.019728| 0.078775| 0.176731| 0.312909| 0.486347| 0.695798| 0.939733| 1.216333| 1.523497| 1.858840
0.80 0.018510{ 0.073910| 0.165814| 0.293575| 0.456285| 0.652778| 0.881623| 1.141129| 1.429349 1.744087
0.85 0.017378 0.069390| 0.155673| 0.275620| 0.428383| 0.612872| 0.827755| 1.071466| 1.342207| 1.637956)
0.90 0.016326[ 0.065193| 0.146259| 0.258958| 0.402501| 0.575872| 0.777839| 1.006950| 1.261550| 1.539784
0.95 0.015351| 0.061298| 0.137524| 0.243503| 0.378501| 0.541577| 0.731588| 0.947199| 1.186885| 1.448944
1.00 0.014446 0.057684| 0.129422 0.229170| 0.356248| 0.509787| 0.688732| 0.891851| 1.117743| 1.364849
r

’ 0.55 0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95 1.00
0.00 5.971111| 7.106115| 8.339816| 9.672212| 11.103305| 12.633094| 14.261578| 15.988759| 17.814636| 19.739209
0.05 5.631156 6.689097| 7.832635| 9.058571| 10.362032| 11.735080( 13.163506| 14.618145| 16.026061| 17.178203
0.10 5.295527| 6.278113| 7.334013| 8.457396| 9.639659| 10.867492| 12.119068| 13.356454| 14.512402| 15.485788|
0.15 4.968184| 5.878589| 6.851442 7.879161| 8.951059| 10.051662( 11.158105| 12.236660| 13.240674| 14.117991
0.20 4.652447| 5.494902| 6.390640| 7.331225| 8.305332| 9.297652| 10.287624| 11.248581| 12.148978| 12.958173|
0.25 4.350838| 5.130186| 5.955356 6.817759| 7.706397| 8.607298| 9.503100| 10.373278| 11.195755| 11.950434
0.30 4.065063 4.786365| 5.547553| 6.340341| 7.154566| 7.977963| 8.796184| 9.593322| 10.353211| 11.061530,
0.35 3.796087| 4.464334| 5.167797| 5.898745| 6.648035| 7.405084| 8.158058| 8.894395 9.601752| 10.269282
0.40 3.544257| 4.164186| 4.815663| 5.491619| 6.183941| 6.883543| 7.580596| 8.264968| 8.926894| 9.557785|
0.45 3.309445 3.885439| 4.490085| 5.116990| 5.759002| 6.408306( 7.056653| 7.695707| 8.317516| 8.915046
0.50 3.091179 3.627232| 4.189620| 4.772603| 5.369877| 5.974694| 6.580052| 7.178968| 7.764816| 8.331688|
0.55 2.888757| 3.388471| 3.912640 4.456120| 5.013352| 5.578471| 6.145471| 6.708411| 7.261665| 7.800174
0.60 2.701333| 3.167941| 3.657448| 4.165248| 4.686425| 5.215850 5.748318| 6.278710| 6.802176| 7.314318|
0.65 2.527983| 2.964379| 3.422363| 3.897804| 4.386341| 4.883462| 5.384617| 5.885344| 6.381411| 6.868952
0.70 2.367755( 2.776530| 3.205762| 3.651746| 4.110595| 4.578319| 5.050908| 5.524438| 5.995180| 6.459699
0.75 2.219703 2.603176| 3.006115| 3.425188| 3.856923| 4.297768| 4.744169| 5.192646| 5.639884| 6.082812
0.80 2.082907| 2.443156 2.821989| 3.216403| 3.623283| 4.039454| 4.461745| 4.887053| 5.312410( 5.735050|
0.85 1.956487| 2.295382| 2.652062| 3.023814| 3.407837| 3.801280| 4.201299| 4.605109| 5.010041| 5.413590
0.90 1.839614| 2.158838| 2.495114| 2.845989| 3.208932| 3.581375| 3.960758| 4.344569| 4.730393| 5.115953
0.95 1.731513] 2.032585| 2.350031| 2.681626| 3.025080[ 3.378072| 3.738285| 4.103447| 4.471362| 4.839955
1.00 1.631464| 1.915758| 2.215793| 2.529547| 2.854943| 3.189875| 3.532242| 3.879978| 4.231084| 4.583657
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Table of values of calculating function F(r, ).
Case0<r<landz>1.

1 r
z 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50

0.05 0.000062| 0.000246| 0.000554| 0.000985| 0.001539| 0.002216| 0.003016] 0.003939| 0.004985| 0.006154
0.10 0.000245 0.000980| 0.002204| 0.003917| 0.006120| 0.008811| 0.011990| 0.015655| 0.019808| 0.024445
0.15 0.000546 0.002184| 0.004912| 0.008730| 0.013635 0.019626| 0.026699| 0.034852| 0.044079| 0.054376
0.20 0.000958| 0.003832| 0.008619| 0.015316| 0.023916| 0.034412| 0.046796| 0.061058 0.077185| 0.095164
0.25 0.001473| 0.005891| 0.013248| 0.023535| 0.036738| 0.052842| 0.071826| 0.093666| 0.118336| 0.145805
0.30 0.002081 0.008320| 0.018706| 0.033222| 0.051842| 0.074533| 0.101258| 0.131970| 0.166618| 0.205142
0.35 0.002770[ 0.011074| 0.024892| 0.044195| 0.068938| 0.099068| 0.134516| 0.175205| 0.221047| 0.271941
0.40 0.003529| 0.014105| 0.031700 0.056264| 0.087730| 0.126012| 0.171006| 0.222589| 0.280624| 0.344956
0.45 0.004345 0.017367| 0.039022| 0.069239| 0.107919| 0.154937| 0.210140| 0.273352| 0.344372| 0.422976
0.50 0.005208 0.020813| 0.046755| 0.082935] 0.129218| 0.185429| 0.251359| 0.326764| 0.411370| 0.504869
0.55 0.006106| 0.024399| 0.054800| 0.097179| 0.151356| 0.217101| 0.294140| 0.382151| 0.480772| 0.589603
0.60 0.007030{ 0.028085| 0.063067| 0.111811| 0.174087| 0.249604| 0.338012| 0.438905 0.551823| 0.676261
0.65 0.007969| 0.031835 0.071476| 0.126688| 0.197189| 0.282622| 0.382555| 0.496489| 0.623859| 0.764042
0.70 0.008916 0.035617| 0.079954| 0.141684| 0.220471| 0.315883| 0.427406| 0.554439| 0.696307| 0.852262
0.75 0.009865 0.039402| 0.088439| 0.156691| 0.243763| 0.349152| 0.472252| 0.612360| 0.768684| 0.940345
0.80 0.010808| 0.043167| 0.096879| 0.171616| 0.266926| 0.382230| 0.516831| 0.669921| 0.840586| 1.027814
0.85 0.011742| 0.046892| 0.105229| 0.186383| 0.289842| 0.414953| 0.560927| 0.726849| 0.911682| 1.114279
0.90 0.012661| 0.050562| 0.113455| 0.200930| 0.312416| 0.447187| 0.604364 0.782923| 0.981706| 1.199428
0.95 0.013563| 0.054162| 0.121526| 0.215205| 0.334571| 0.478826| 0.647002| 0.837969| 1.050447| 1.283014
1.00 0.014446| 0.057684| 0.129422| 0.229170] 0.356248| 0.509787| 0.688732| 0.891851| 1.117743| 1.364849

z 0.55 0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95 1.00

0.05 0.007446( 0.008860| 0.010397| 0.012057| 0.013839| 0.015743| 0.017770| 0.019918| 0.022189| 0.024582
0.10 0.029568( 0.035173| 0.041260| 0.047829| 0.054876| 0.062401| 0.070403| 0.078879| 0.087827| 0.097246
0.15 0.065740[ 0.078163| 0.091641| 0.106166| 0.121733| 0.138332| 0.155958| 0.174601| 0.194253| 0.214904
0.20 0.114981| 0.136619| 0.160061| 0.185287| 0.212277| 0.241011] 0.271464| 0.303613| 0.337432| 0.372896
0.25 0.176039 0.209001| 0.244651| 0.282948| 0.323845| 0.367293| 0.413244| 0.461642| 0.512434| 0.565563
0.30 0.247478( 0.293557| 0.343302| 0.396633| 0.453465| 0.513706| 0.577263| 0.644038| 0.713930| 0.786834
0.35 0.327780 0.388444| 0.453807| 0.523733| 0.598081| 0.676700| 0.759436| 0.846129 0.936614| 1.030723
0.40 0.415418| 0.491825| 0.573985 0.661689| 0.754722| 0.852857| 0.955862| 1.063497| 1.175515| 1.291670
0.45 0.508923| 0.601948| 0.701772| 0.808101| 0.920627| 1.039029| 1.162981| 1.292145 1.426181| 1.564747
0.50 0.606930{ 0.717195| 0.835282| 0.960794| 1.093314| 1.232413| 1.377653| 1.528587| 1.684765| 1.845736
0.55 0.708208 0.836118 0.972838 1.117851| 1.270618| 1.430586| 1.597192| 1.769865 1.948035 2.131132
0.60 0.811665| 0.957447| 1.112983| 1.277622| 1.450690| 1.631498| 1.819345| 2.013527| 2.213340| 2.418088
0.65 0.916361| 1.080094| 1.254476| 1.438714| 1.631985| 1.833451 2.042266| 2.257580| 2.478548| 2.704339
0.70 1.021494| 1.203137| 1.396279| 1.599969| 1.813229| 2.035063| 2.264465| 2.500433| 2.741975| 2.988119
0.75 1.126394| 1.325815| 1.537535| 1.760443| 1.993394| 2.235223| 2.484760 2.740841| 3.002319| 3.268077
0.80 1.230510| 1.447501| 1.677551| 1.919377| 2.171659| 2.433057| 2.702229| 2.977842| 3.258588| 3.543201
0.85 1.333394| 1.567694| 1.815772| 2.076168| 2.347381| 2.627889| 2.916169| 3.210713| 3.510049| 3.812755
0.90 1.434690| 1.685994| 1.951762| 2.230349| 2.520066| 2.819204| 3.126052| 3.438923| 3.756172| 4.076222
0.95 1.534117| 1.802094| 2.085186| 2.381563| 2.689343| 3.006623| 3.331498| 3.662095 3.996595| 4.333258
1.00 1.631464| 1.915758| 2.215793| 2.529547| 2.854943| 3.189875| 3.532242| 3.879978| 4.231084| 4.583657




	 
	 

