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Abstract
Exact analytical solution of Maxwell's equations for radiation of a point
magnetic dipole in uniaxial crystals are obtained. Directivity diagrams of radiation
of a point magnetic dipole are constructed at parallel and perpendicular directions
of an axis of a crystal.

1. Introduction

Anisotropic materials have found wide application in the microcircuits working
on ultrahigh frequencies. Thin films from monocrystals are effectively used as
waveguide’s systems.

The problem of radiation of an elementary electric dipole in uniaxial infinite
crystal was considered in work [1] with the help of the theory of the generalised
functions. The present work is continuation for a case of a magnetic dipole. There are
the electromagnetic field and the directivity diagrams of the point magnetic dipole is
considered.

1. Solution of Maxwell's equations for uniaxial anisotropic medium
Maxwell's equations for uniaxial the anisotropic electromagnetic medium of
stationary processes are:

{rotH-k_ia)-Dzj, 0
rot E-iw-B=0,
which is possible to be presented in matrix form:
MU =J, (2)
where
o 0 -4, o,
M:("gggo' Go J’ G,=| 4, 0 -4,
0 lopily o, &, 0
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where @ is the constant frequency of electromagnetic field, M is Maxwell's operator,

| is a identity matrix 3x3, E, H are the intensity of electric and magnetic fields, u

a factor of magnetic permeability and J is vector of current density.
The linear relation between the induction and the intensity of electric field in
anisotropic dielectric mediums is:

D=¢gyE, 3)
and the vector of magnetic induction is given by:
B=pouH . 4)

If the coordinate system, complying to the main axises of the dielectrical
permeability tensor, is choose, material equation will be written as:

DX :glgoEX, Dy :gEOEyb DZ :880EZ' (5)

The elements of the dielectric permeability tensor & correspond to a one-axis
crystal, ore over the axis of the crystal is directed along axis X.

Let's define intensity of an electromagnetic field for the concentrated magnetic
dipole at a parallel and perpendicular direction to a crystal axis in the anisotropic
medium and we will construct diagrams of directivity for both cases.

2. The radiation pattern of point magnetic dipole in the anisotropic
medium

The given solution is written in the form of the sum of two independent solutions [1]:
E:E1+E2, H:H1+H2. (6)

The first of them is defined by convolution (denote by “*”) one Green function ‘¥,
and the density of the current j, along the axis of the crystal:
E, =———(grad div+K2)(¥, * j, ),
EGED (7)
H, =—rot(‘t) *J,),
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where

¥ E_L\/Eexp(lknr)’ @®)
4r\ g r'

r'=\Xele +y +7°.

and

The second solution can be written by using the component of the density of the
current j, perpendicular to axis X and Green functions ¥, ¥ and ¥, [1]

E,=- ((J'L*‘P0+gradldivjL*‘Pz)kgqtgraddiij*l{ll)}
EEYW

0 0 )
H2:—rot(jl*‘PO—eX&diVjL*\PZ}
1 exp(ik,r)

Y, o=— , 10

’ 4 r (10)

Y, =(g/e-1D)¥, *Y,, (11)

where

r=+x>+y?+z%, gradL:grad—exg, ke = w’s sy, K2 =kie /€.

The function ¥, is a fundamental solution of the Helmholtz operator for

isotropic medium, ‘¥, corresponds to the functions ¥, for the space deformed along

the axis of the crystal.

On the basis of the obtained results (6), we will consider radiation of point
magnetic dipole moment in an uniaxial crystal.

For a point radiator with the oscillating magnetic dipole moment

P = NPy exp(-iat) (Pm = const) (12)
the electric current density is defined by using Dirac delta-function:
j=-[p,V]-o(r). (13)
Components of a current density (13) are:
. 0 0
Jo=ex£pza— Dygjﬂr), (14)
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. 0 0 0 0
JL_ey(pxa_pz&jé‘(r)"_ez(py&_px@jé‘(r)' (15)

It is possible to express the magnetic dipole moment p in the form of the sum of
two components of magnetic moment:

P=DPy+ P, Po=6ExPy. (16)

Relation between density of an electric current j, and the magnetic dipole
moment p in the anisotropic medium is defined from (15), in case p= p,:

jJ_ = px(ey%_ez %jé(r)a (17)
divj, =0. (18)

The parallel directed magnetic moment

Taking into account equality (18), from the solutions (6) intensities of an
electromagnetic field of the the magnetic dipole moment are defained in case when
the magnetic dipole moment p is directed lengthwise a crystal axis X:

i
kZ rot(\P, p,),
. rot(‘¥y Py) (19)

H = —rotrot(‘¥, p,).

E=—

It is necessary to notice, that expressions (19) correspond to the equations of an
electromagnetic field in isotropic medium (Fig.1).

Fig. 1. DD. The isotropic medium. & /¢=1.
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In Fig.1 directivity diagrams of magnetic dipole moment in a case when the
magnetic moment is directed in parallel a crystal axis are represented. The given
directivity diagram coincides with the directivity diagram of in parallel directed
electric dipole in hyrotropic medium, and also with the diagram of an orientation of
the isotropic medium. This diagram looks like a toroid axis at which is parallel to a
dipole axis. Cross-sections of the diagram are a contour on a plane passing through an
axis of the toroid. It has shape of number eight; cross-sections perpendicular to an
axis of a toroid represent circles.

The perpendicularly directed magnetic moment
Relation between density of an electric current j and the magnetic dipole momentum

p, is defined from expression (13), if it is directed on axis z:

: 0 0
)= pz(exa_eyﬁ_xjé‘(r)' (20)

For the point magnetic dipole p, which is perpendicular to crystal axes, by
substituting (20) in solutions (6), we define components of field intensity (Fig.2, 3):

i oY
E. =—-——p. k2 1
X 8800) pz 0 W?
i 0 oy
E, = p ke —| ¥y + —5= |,
£ EM OX oy (21)
B I ’ 8-“1’2
B2 = o PR axayar
82
H =—-p, ——
X pz@x@z 0
82
= - C, 22
y pzéyaz (22)
o? 0?
HZ_ pz(yc +87T0J,
where
82
C:lPI +y‘{12.
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Fig. 2. DD. The axis of magnetic dipole (z) is perpendicular to axis of a crystal.
ele
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Fig. 3. DD. The axis of magnetic dipole (z) is perpendicular to axis of a crystal.
gle=
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In Fig 2 and 3 directivity diagrams of the magnetic moment of a dipole
perpendicular a crystal axis at different values of radius are shown, but at dielectric
permeability constant value. Dielectric permeability of medium are equal & /¢ =9 and
&1 /&=15. The magnetic dipole is directed along an axis z (a crystal axis — along X).
As one can see from Fig.2, that radiation in a direction of the magnetic moment does
not occur, it propogates in a direction along an axis of a crystal: the more anisotropy,
the more radiation occurs on a crystal axis.

3. Conclusion

Validity of solutions has been checked up on performance of the conservation
law of energy. Time-averaged energy flux of energy along a surface of sphere for
various values of radius was calculated for this purpose. Numerical calculation shows,
that its values keeps with the big accuracy.

The independent solutions define the corresponding polarization of

electromagnetic waves. When &, tends to & , the potential ‘¥, tends to zero and the
well-known expressions of electromagnetic field follow from formula:

1) )
E= k—2(grad div+kJ)A, (23)

0
H = (1) ' rot A, (24)

where the known vector potential of electromagnetic field for isotropic mediums is
defined from as:

exp(ik‘r — r’\)

- dv . (25)
V

A =4 [ ] =

The dipole pattern in isotropic mediums is brought on Fig. 1 and directivity
diagram itself possesses the rotation symmetry.

The obtained generalized solutions of the Maxwell equations are valid for any
values of &; and ¢ also for the sources of the electromagnetic waves, described by

discontinuous and singular functions.
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