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Abstract

Transition coefficients between two groups of water molecules, those with
formed and broken Hydrogen bonds and the corresponding potential barriers are
considered. The ranges of these transition coefficients, as well as of the ratio
between the potential barriers, are obtained by using a mathematical model of the
reaction equilibrium between the two molecule groups, expressed in the form of a
system of differential equations, written for a sample evaporating water drop. As
input and initial conditions for numerical solution of the system, data from spectral
analysis and from a drop evaporation experiment are used. Finally, a more general
system of equations is also outlined.

1. INTRODUCTION

The Hydrogen bonds play an important role for functioning of biological
systems and processes (e.g. in case of the cell’s protein and DNA interaction with the
solute) and for some basic water properties, crucial for living organisms and
industrial applications.

The Hydrogen bonds between water molecules cover the whole spectrum of
intermolecular forces varying from strong to weak H-bonds. Due to comparatively
small interaction distance of H-bonds, the H* ion can penetrate into small areas
between atoms. The H atom is tied to the O atom of his own molecule by covalent
(chemical) bond. This molecule acts as a proton donor H™. It has an electric dipole
moment between the atoms O and H, which points toward the region of negative
charge of a neighboring molecule. The latter molecule acts as a proton acceptor. Then
the nature of H-bond can be represented as a dipole-dipole interaction between the
two molecules due to the existence of distinct regions with prevailing positive and
negative electric charges in both H,O configurations (Fig. 1).
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Fig. 1. H-bond between two water molecules represented by dashed line. The H,O molecule on the
right acts as proton donor, and the other molecule-as proton acceptor.

H-bonds constitute a statistically stable net, which explains the so called
“structure properties of water” [1, 2]. Due to fluctuations of the positions of the
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molecules, the following processes can be distinguished. Part of these bonds are
broken, other part of the bonds is formed, and a third part is deformed and thus their
strength is weakened. The resulting by deformations weakening of the bonds can be
thought to vary continuously from the maximal bond value to near zero. Then a
convenient simplification of the picture of the Hydrogen bond net is the model by
Luck, e.g. [2]. According to this model the water molecules can be distinguished into
two groups: connected with H-bonds, and free of H-bonds. According to [2] at room
temperature about 90% of water molecules are connected by H-bonds.

In the present paper we are interested in the transition rates between the
groups of water molecules with strongly or weekly formed and broken H-bonds in the
process of evaporation [3] of a sessile water drop. The transitions of breaking or
forming a H-bond require an activation energy connected here to the rates
(frequencies) of these transitions by an exponential (Arrhenius) relations (cf. Sect. 2,
Eqgn. (7)).

We write down in Section 2 a system of differential equations, where the
transition rates determine at any moment the masses of the groups respectively with
weekly or strongly formed and broken H-bonds. Since the exact analytic solution of
the system can not be expressed by elementary functions, but in the form of integrals,
we give a computer solution of the system in case of two group model by Luck in
Section 3. As a result we determine in Section 3 by a computer numerical experiment
the admissible intervals of variation of the transition rates and of the corresponding
potential barriers ratio which are consistent with the experimental data and with the
mathematical model — the system of equations (4-6).

2. DROP EVAPORATION EXPERIMENT AND MODEL EQUATIONS

We apply experimental data from the evaporation process of a sessile water
drop placed on a hydrophobic substrate and forming a contact angle & with the
substrate. For the evaporating mass of the sessile drop we use the following well-

known Maxwell type relation (1) for the evaporation velocity dd—l\t/l (t is the time

parameter, M is the drop’s mass:

kr c k 6 ¢
S T (1)
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dt
Here c is a function depending on the geometric shape of the evaporating body
and in the case of the sessile drop one has the following approximate formulas for

c/r, [4]
If 0 <8< 0.175 rad one has

% — 0.63666 +0.0959162 —0.061446° 2)

If 0.175 <@ < xrad one has

% — 0.00008957 + 0.63330 + 0.1160° — 0.088786° +0.010330% 3)
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Furthermore k = 47zD(d0 —dl), where D is the molecular diffusion constant of the

vapor in the air, dy and d; are the vapor concentrations near the drop and far from the
drop, oand r are explained on Fig. 1.

Fig. 2. Geometry of evaporating drop 1 situated on hydrophobic substrate 2 with contact angle 6,
radius of its spherical surface r and diameter 5 of the contact area with the substrate.

Here we propose a system of differential equations for the model of three states of H-
bonds: strong, medium and weak H-bonds. Consider the evolution with the time t of
the masses x, and x3 of water molecules which have formed correspondingly weak
and strong H-bonds and the mass x; of free of such bonds molecules. Denote by k;;
the part of molecules of type i which for unit time is transformed into molecules of
type j, 0<'kij <'1. Here the indices i, j take independently pair of unequal values from
the set 1,2,3 corresponding to the three states of molecules: free from H-bonds,
weakly and strongly tied with H-bonds. (The same meaning we assigned above to the
mass indices x;, i =1,2,3). Then one can write the following system of differential
equations, each one representing the balance of masses between the three types of
molecules, taking into account also the evaporation term:

OIXl—dexthkxtht 4)
- ar 12O kX + kX () +kgg X ()

dx2

—2 =1 )+ kp g 0Ky Xy (0 —kpgky () ©)
dx3

—2 =k 0+ kg% (0 —kapxg () —kgpxg 6)

The variables xi, X2, X3 are considered as unknown quantities depending on

time t. For the coefficients Kj; of the transitions between states i, j we assume the
following exponential dependence on the potential barriers U;; for description of the

variation range 0<'kj; <1 :

U..
=k exp— M
kIJ kij exp( kT) (7
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Here Uj; is the transition potential barrier from H-bond state type i to H-bond
state of type j, i, j = 1,2,3, T is the temperature and k is the Boltzmann constant. The

constant ki? has the same physical meaning as k;; for U= 0.

In the general case the coefficients kij, i, ] = 1,2,3 are dependent on
temperature. However, the experiments on temperature measurements of the
evaporating drop show the following. With the evaporation start the drop temperature
slightly decreases, and then remains almost constant approximately by 2°C lower than
the room temperature during the evaporation. So we can neglect the temperature
variations effects in our system of equations (4-6).

We want to draw numerical conclusions about the coefficients kj and apply
data from experiment, in particular obtained by spectral analysis and laboratory drop
evaporation. The available spectral analysis data interpretation, however, uses the
model of the two groups of H-bonds (broken or formed), neglecting the weak and
strong subdivision of H-bonds.

With the above assumptions and notations we consider the system of
differential equations reduced for only two H-bond states and solve it numerically by
the software product “Mathematica” of Wolfram Research Inc.

3. THE NUMERICAL COMPUTER EXPERIMENT

The reduced system of differential equations (4-6) to two group’s model by
Luck is written as follows:

dx;  dm
d—tl =~ KX O+ Ky1% (8)
dx2

A similar to (8) equation but with different term instead of dM / dt is proposed in [5].

We use laboratory experimental data on drop evaporation as an input in the
system of equations (8), (9) to solve it numerically for the case of the following
evaporation mode: during the evaporation the contact angle 6 changes but the contact
area diameter & remains constant, see Figure 2. We consider results of laboratory
measurements on the contact angle 6 varying from 55° to 30° for an evaporation
time of 35 minutes. The initial drop mass M was 11,6 mg.

According to results of [2] based on conclusions drawn from spectral analysis
experiments, we chose the following values for the masses of molecules with formed,
respectively broken H-bonds:

X2(0) = 0.9M and x;(0) = 0.1M, where M is the initial mass of the drop in the moment
of time t = 0. Now we want to use our model about the types of H-bond transitions
given by equations (8), (9). Assuming the model correctly describes reality, we can
assess by the outcome of this model, applied to our laboratory evaporation data, and
to spectral analysis data, the possible values of the transition coefficients k;, i, j = 1,2.
For the transition coefficients kj; between the groups of molecules with broken H-
bonds and with formed H-bonds we accept (assume) for the purpose of numerical
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verification the following values: ki = 0.9, kz; = 0.04. Then the evolution of xy(t),
X»(t) is calculated as numerical functions shown as the two graphs on Fig. 3.
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Fig. 3. Graphs obtained by the software “Mathematica” as a numerical solution of the system of
equations (8) and (9). The X-axis corresponds to the evaporation time in minutes. On Y-axis the mass
of the drop in mg is given.The upper curve gives the time evolution of x,(t), and the lower curve
shows the time evolution of x,(t).

In view of the initial values x,(0) 0.9M; and x;(0) = 0.1M;, one can see from
the graphs that the ratio between x,(t) and x;(t) agrees with the experimental results
presented in [2] on the percentage of molecules with broken and formed H-bonds. For
values of kj2 <0.8 and for ki, near 0.1, one obtains a formal but unphysical solution
(showing increase of Y-values on our [X-Y] plot as the evaporation process
proceeds).

By this numerical experiment one can receive information about the values of
the transition coefficients ki, and kp1. It shows, that for

0.8 < ki < 0.95and 0.04 < ky < 0.06 (10)

the general form of these graphs is preserved, so such values of ki, and ky; do not
contradict (are consistent with) the experimental results about the percentage of water
molecules with formed and broken Hydrogen bonds and with the mathematical model
(8), (9). We assess the relative magnitute U;,/U; of the potential barriers U;, and
U, for the corresponding transitions defined in Sect. 2. From the meaning of the
coefficient ki (resp. kz1) as the part of all broken (resp. formed) molecule group,

being transformed into the opposite group, it follows that ki(j) =1 for Uj; = 0, sincein

the absence of a barrier all molecules from a given group are to be transformed. Then
(7) implies Inkij/Ink;; = U;/U;i. From the interval’s variations (10) of k;; it follows that
the interval of variation of the relative magnitude U;»/Uz; between the potential
barrier U, of breaking a H-bond, respectively barrier U;, of forming a H-bond, is
0.016 < Uq,/U,1 < 0.079.

4. CONCLUSION

The evolution of masses of two groups of water molecules with formed and
broken Hydrogen bonds, for an evaporating water drop, is modeled by the system of
differential equations (4-6) (respectively (8, 9)), Experimental results on drop
evaporation (Sect. 2), and spectral analysis interpretation results [2] are applied, as
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input and initial conditions for a numerical computer experiment with the solution of
the system. By this computer experiment, we assess the values of the transition rates
kij, 1, ] = 1,2 between these two groups as follows: 0.8 < ki, <0.95 (for forming a H-
bond) and 0.04 < k;; < 0.06 (for breaking a H-bond). For the relative potential
barriers magnitudes, between the processes of forming and breaking a Hydrogen bond
between two water molecules, we obtained the relation 0.016 < U;1,/U2; < 0.079.
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