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Abstract  

 

A mobile communication system base station's radiation interaction with a human 

model inside of a room in a building is studied in this article.  The inner field and its 

amplification by the walls that in some cases act like a resonator are studied. The 

problem is solved using the Method of Auxiliary Sources with a user friendly program 

package, created for numerical experiments for this particular problem. Several cases of 

the human location and building wall’s transparency parameters are considered during 

the calculations. The numerical experiment results are presented and analyzed. 

 

 

1. INTRODUCTION 

In our previous works the mobile phone antenna radiation influence on the user’s 

body has been considered when the user was located inside the room while talking over 

the mobile phone. As the numerical experiments showed, in some cases, the room 

behaves as a resonator and amplifies the antenna radiated field. The field value may be 

amplified and becomes dangerous for the user [1]. In this article our goal is to investigate 

the case when an EM source is located outside of the building, particularly, it is the base 

station antenna. The human model is located in a fixed place inside of a room with a 

window and as it is show later its position is of a big importance. A homogenous 

dielectric model of a human shape “Mummy” [1] has been used in numerical 

experiments. Tissues parameters are averaged since their inhomogeneity does not affect 

the final results significantly. Base station has the pretty high intensity radiation, if the 

mailto:veriko.jeladze001@ens.tsu.edu.ge
mailto:prishvin@gmail.com
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room is nearby, the field which goes inside of the room is may be amplified because if 

the resonant effects of the room. Usually, when the radiation safety standards are 

established and fulfilled the fields have to be safe for humans, the responsible personal 

measure the field, bud usually it happens outside of the building. But when such 

measurements are conducted, the resonant properties of a room are not taken into account, 

which in some cases amplifies the field and may produce health hazard. In frames of this 

article we would like to show that in order to determine how far the base station antenna 

should be located, the mentions properties of a building have to be studied carefully.  

In the article [1] a detailed investigation and a justification of a possibility to use a 

homogenous dielectric human shaped body “Mummy” with constant averaged 

permittivity and losses values (frequency dependent) instead of inhomogeneous human 

issues are presented. The use of such model is needed to implement the Method of 

Auxiliary Sources for calculations diffraction problems on human model as well as on big 

scenarios like room.  

The numerical calculations have been conducted based on FDTD method in [2] 

for the inhomogeneous child and a woman voxel models from virtual family. The 

frequencies used were 300 MHz, 1900 MHz and 3700 MHz and a dipole antenna as an 

EM source. In our earlier studies [3] we have considered only a room without a human 

model. The frequency was not higher than 400 MHz because the computer resources at 

that time were not enough to study real case scenarios. It was noted, that on some 

resonant frequencies the standing wave arise which must depend on walls transparency. 

In this study we consider a room with various walls transparency and a 

homogeneous human model inside at frequencies nearby 900 MHz. It is important to take 

into account the possible resonant effects and study SAR distributions for such cases 

more carefully. 

 

2. THE PROBLEM STATEMENT AND MATHEMATICAL APPROACH 

The stated problem corresponds to the study of the diffraction of the harmonic EM 

wave field on a homogenous dielectric object with the shape shown on figure 1, which is 

located inside of the semi open surface like room. As the base station’s EM field’s source 

we consider a combined dipole with definite amplitude, located outside of the room. The 
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problem is solved by means of the Method of Auxiliary Sources (MAS) which gives 

ability to solve efficiently complicated and big scenarios with minimal CPU usage [2].  

 

 

 

 

 

 

Application of the MAS is deduced to the construction of two couples of closed 

auxiliary surfaces inside and outside of the “Mummy” and also inside and outside of the 

surrounded semi open surface like the room (figure 2). Along the surfaces of the 

“Mummy” and so called the room, as it is possible homogeneously, we distribute the N 

and M numbers of points, correspondingly. On these auxiliary surfaces from both sides 

are distributed the same numbers combined auxiliary sources with unknown complex 

coefficients, which have meaning of the criterion weigh [2]. These unknown complex 

amplitudes of the auxiliary sources must be found by the boundary conditions satisfaction 

using the collocation method for the scattered field on the human body model - as on the 

dielectric (the continuity of the electric and magnetic field tangential components). On 

the semi open surface inside and outside (the tangential component of the electric field 

must be zero) and on the open parts (windows) of the room (as on the dielectric) – 

continuity of the fields.  

 

 

 

 

 

 

 

So, according to the proposed algorithm the open parts of window are considered as 

the free media with the permittivity of the air. 

The combined dipole (Huygens source) was used as auxiliary source for the 

calculations. Its field is represented by the following expressions: 

Figure 1. Model geometry 

Figure 2. MAS model of cavity with using auxiliary surfaces 
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/ ,comb el magE E E   /comb el magH H H    

where elE , elH  and 
magE , 

magH  - rather field of the electric and magnetic dipoles: 

           3 2 2

0 0 0 04 1 3ikR

el el el elE e R ik R R R p p k R R R p         
 

, 

   2 2

04 1ikR

mag magE k e R ik R p R     , 

   2

04 1ikR

el elH i e R ik R R p    , 

           3 2 2

0 0 0 04 1 3ikR

mag mag mag magH e R ik R R R p p k R R R p         
 

. 

Here 0R  is the unit vector, directed out of the dipole to the observation point, R is a 

distance between dipole and the observation point. 
elp  and 

magp  are the unit polarization 

vectors of these dipoles. The system of the auxiliary sources, distributed on each auxiliary 

surface must describe the scattered field in the opposite part of the space. 

Unknown field inside of the body is the sum of the inner auxiliary sources field: 

 
1

,
N

in out out

body n comb n comb

n

E a E a E


   
 

 
1

.
N

in out out

body n comb n comb

n

H a H a H


     

The field around the mummy and inside of the room 
out

bodyE , out

bodyH  is represented by the 

sum of the field of room’s outer auxiliary sources and mummy’s inner auxiliary sources. 

   
1 1

,
N N

out in in out out

body n comb n comb n comb n comb

n n

E b E b E c E c E
 

         

   
1 1

,
N N

out in in out out

body n comb n comb n comb n comb

n n

H b H b H c H c H
 

         

The field outside of the room is the sum of base station antenna’s field and room’s 

inner auxiliary sources fields: 

 
1

,
N

out in in

inc n comb n comb

n

E E d E d E


      
1

.
N

out in in

inc n comb n comb

n

H H d H d H


     

For unknown complex coefficients 
na , 

na , 
nb , 

nb , 
mc , 

mc , 
md , 

md  , where 

1,2,...n N , 1,2,...,m M  we get the linear algebraic equation system, the number of 

which coincides to the number of unknowns. 
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3. MAS METHODOLOGY FOR MODELING VARIOUS SURFACE 

TRANSMISSION AND REFLACTION PROPERTIES  

In this paper we introduce a new approach to use the MAS methodology to easily 

simulate the surface transparency variations by means of the changing the accuracy of the 

boundary conditions satisfaction, which is necessary to study  how to influence  room’s 

walls transparency variation on the EM field exposure. In order to compute the wall 

transparency coefficient the effect of averaged boundary conditions is used. According to 

our idea the wall transparency can be regulated by changing the collocation point number 

on the auxiliary surface. Decreasing this number results in increase of total solution error. 

Simulation results show that in case with fewer collocation points the inner field can pass 

between these points, resulting in transparency of the surface. 

For quantitative analysis of the transparency coefficient a plane wave diffraction 

problem on an infinite perfectly conducting surface has been considered. The surface has 

been substituted by a system of collocation points with some periodicity, where the 

satisfaction of the boundary conditions was required. The detailed analysis dependency of 

the R - reflection and T - transparency coefficients on the collocation point’s density with 

2N   has been investigated and the results are shown on figure 3, 4 and 5. 

 

Dependencies between T - transmission and R - reflection coefficients for different 

mesh periods and density of the collocation points are presented on figure 3. The density 

of the collocation points is presented in 
2N  - units. The d - is the distance between the 

study surface and auxiliary sources. From figure 3 it can be seen that the reflection and 

transmission cofficients do not depend on the mesh period. 

Figure 3. Transmission and Reflection coefficients dependence on the 

collocation points, for the different lattice period, when d=0.08 

როცა d=0.15 

2N 

- - - - -  Period = 0.8 

. . . . . . Period = 0.9 
_________  Period =0.95 

 

T 
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The T and R coefficient dependency on the d distance is presented on figure 4. It can 

be seen that with the increase of the d distance, the T and R coefficients converge faster. 

 

The transmission and reflection coefficients are shown along with the error of solution 

(figure 5). It can be seen that with the increase of the collocation points the accuracy of 

boundary condition satisfaction increases and the error of the solution is decreased. At the 

same time the transmission coefficient decreases too, and visaversa, when the number of 

collocation points decreases, the transmission coeffisiets is augmented. 

So, by choosing the correct density, the desired transparency coefficient  T  can be 

obtained, which may better correspond to a real-world scenario. Since the transparency 

coefficient values have been obtained in wave length units, the obtained results will be 

valid for all frequencies. 

Our final goal is to find the near field distribution inside of the human body as well as 

inside and outside of the room. We have to estimate human exposure and also radiated far 

Figure 4. Transmission and reflection coefficients dependence on the collocation points, 

for the different d (distance between the collocation points and auxiliary sources). 

 

2N 

Figure 5. Transmission and reflection coefficients dependence on the collocation 

point’s density and the calculation error, when d=0.1 

 

Error % 

R 
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field pattern. We have created a new program package based on proposed methodology 

and investigated several exposure scenarios. 

 

3. RESULTS OF NUMERICAL SIMULATIONS 

Several exposure scenarios with different transparency coefficients have been 

investigated by means of the proposed algorithm. The calculations were conducted for 

frequencies used in the standard mobile frequency range. The human model like Mummy 

(figure 2) had following dimensions: height 1.67m, shoulder width 0.46m, head diameter 

0.175m. Complex permittivity, ε=45+i2, (an averaged value considering blood, muscle 

and bones). All calculations are carried out on a room with dimensions: 4x3x2.5 (m
3
), 

window size is 1.4x1.1 (m
2
). The EM field incidence angle is 30

0
 which means, that base 

station antenna is located sufficiently near. Several scenarios have been studied for two 

different human model positions (when human is located near the window and far from 

the window) at 900 MHz and 1800 MHz. Obtained results are presented below. Values of 

the near field distribution and SAR are provided in the relative units.  

 

Figure 6 a) shows the near field distribution in the room and nearby, when the human 

model is located near the window. Figure 6 b) represents reradiated far field pattern, 

which is directed to the base station’s position. Ruler on the figure shows the maximal 

value of the field located near the Mummy’s head. Room walls are transparent and the 

value of the transparency equals to the 0.75. Figure 7 a) shows the point SAR distribution. 

The maximal value is 1.3 W/Kg. Figure 7 b) represents the frequency characteristic of the 

room with Mummy. As we see because of the high transparency of the room walls, the 

resonance effects are minimal without resonant frequency discrimination.  

Figure 6. Near field distribution in the room (a) and far field pattern (b) at 900 MHz, when T=0.75 

b) 

  
a) 
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The figures 8 and 9 show the results of similar study for the room with low 

transparency T=0.22. As it is expected the near field and SAR values are almost 10 times 

higher, because of the high Q factor of the room, as a resonator. 

 

 

Figure 9 shows the detailed frequency characteristic on which we see two sharp, 

discriminated resonance frequencies 899.8MHz and 900.41MHz. Figure 10 corresponds 

to the first resonant case. We can see that maximal field value in this case is one orders 

higher.  

Figure 7. SAR distribution inside of human head (a) and frequency characteristic (b) for the 

room. The frequency is 900 MHz, human model is located near the window and T=0.75 

b) 

SAR = 1.3 W/Kg 

a

Figure 8. (a) Near field distribution in the room and (b) SAR distribution inside of the human 

head at 900 MHz, when human model is located near the window. T=0.22 

 

SAR = 9,5 W/Kg 

a) 

Figure 9. Frequency characteristic for the room at 900 MHz, when 

human model is located near the window, when T=0.22 

b) 
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The next results show the situation, when the human is located far and opposite from 

the window, near the wall. The near field and SAR values in this case are higher (figure 

11), because more energy goes inside of the room, than in the previous cases when 

human was located near the window.  

 

 

The frequency characteristic has not discriminated resonances in that case too because 

of the high transparency T=0.75 (figure 12). Figure 13 shows the case of the low value of 

Figure 10. Near field distribution in the room at 899.79 MHz resonant 

frequency, when human model is located near the window and T=0.22 

 

Figure 11. (a) Near field distribution in the room and (b) SAR distribution inside of human 

head at 900 MHz, when human model is located far from the window and T=0.75 

 

a) 

 
b) 

 

SAR = 7.04 W/Kg 

Figure 12. Frequency characteristic for the room at 900 MHz, when 

human model is located far from the window, when T=0.75 
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transparency (T=0.22) when the resonant effect increases. Maximal near field and SAR 

values are higher than it was when the human was near the window (figure 8). 

 

 

 

In this case, the frequency characteristic has sharp resonance (figure 14) and at that 

resonance, the near field distribution is presented on the figure 15.  

 

 

Figure 13. (a) Near field distribution in the room and (b) SAR distribution inside of human 

head at 900 MHz, when human model is located far from the window and T=0.22 

 

a) 

   SAR = 66.3 W/Kg 

b) 

Figure 14. Frequency characteristic for the room at 900 MHz, when human 

model is located far from the window, when T=0.22 

 

Figure 15. Near field distribution in the room at 899.19 MHz resonant 

frequency, when human model is located near the window and T=0.22 
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We see clearly that, because of the small transparency we have multiple reflections of 

the inner field and energy storage inside the room, the resonant field amplitude is almost 

10 times higher than in case when the human was near the window. 

Next are presented investigation for higher frequency 1800 MHz, which also 

corresponds to the main frequency of the mobile phone. We have considered two cases, 

for different position of the human. There are provided corresponding near field 

distributions (figure 16, 17). 

 

 

 

Because of the high losses at this frequency the depth of the field penetration in the 

human model is smaller than for the lower frequencies. The most part of the radiated 

energy goes through the window. 

If we compare figure 16 and 17 we can see that when the human is located near the 

wall, far from the window, the high field values field inside of the room are bigger.  

The parameters of the computer used to solve this problem are the next: Dual Intel 

Xeon x5650 with the 24 threads and 64Gb of RAM. 

Figure 16. Near field distribution in the room at 1800 MHz, when 

human model is located near window; T=0.75 

Figure 17. Near field distribution in the room at 1800 MHz, when human 

model is located far window; T=0.75 

a)  
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4. CONCLUSION 

The base station antenna’s field diffraction on the room with the homogeneous human 

model inside is studied. The new, MAS based, program package has been used for 

simulations. The MAS methodology was used to simulate surface with different 

transparency. Numerical experiments provided by this program package showed that the 

field, radiated by the base station antenna, could be amplified at some resonant 

frequencies inside of the room. The reason of this is that at the considered frequencies 

room acts as the resonator. So in order to estimate the maximal allowed value of the field, 

the resonator properties of the room must be taken into account. The position of the 

human inside of the room changes significantly the near field distribution inside of the 

room. In contrast to the FDTD, the MAS give us the possibility to study the near fields 

around the human model considering the walls and windows. It also makes possible to 

examine the resonance phenomena and control the accuracy of the solution. A big 

attention is paid to the transparency of the walls, which is strictly related to the accuracy 

of the solution and to the number of the collocation points. The calculations, conducted 

with the created program package, showed the presence of resonance and reactive fields 

in several big scenarios which could be dangerous for a human. 
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Abstract 
 

The exhaustive analytical solution to the task about the structure of 

quasistationary electromagnetic field of high-frequency inductive discharge of finite 

length near the axis of plasma bunch is given. 

 

 

1.  INTRODUCTION 

In the series of works [1-5] on the basis of the idea of the limit relations for high-

frequency inductive (HFI) discharge, the structure of quasistationary electromagnetic 

field of high-frequency inductive discharge of finite length near the axis of plasma bunch 

has been analyzed. In these works there has been offered a new method of approximate 

integration of differential equation system with partial derivatives, allowing to describe 

unambiguously the structure of these equations solutions in the neighborhood of points in 

which expressions for secondary characteristics of the process described by the equations 

(i.e. these combinations of unknown quantities entering input equations) contain 

indeterminacies of 00  type. 

The equations of electromagnetic field of HFI discharge in works [1-5] were 

recorded in physical variables amplitude-phase. Meanwhile, there is one more analytical 

model of HFI discharge constructed in the approximation that conduction in the discharge 

),( zr  is considered equal to some constant value in the whole plasmoid volume (and 

not just in its near-axial zone as it considered in [1-5]). It is clear, that in the limit r0 

both models have to give close results. 

The model of constant conductivity which is also possible to call the canal model 

of HFI discharge, was essentially completed by J. Thomson in 1926 and published a year 

later in his well-known paper [6]. Thomson himself, as it is known, considered 
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unidimensional theory variant, the solution in a general case or Thomson’s generalized 

model of HFI discharge in the two-dimensional statement of the problem is presented in 

the paper [7]. 

In this work the method of limit relations is applied immediately to Thomson’s 

model equations, after that the obtained result is compared with known exact solutions 

for amplitudes and phase characteristics of all components of electromagnetic field in the 

discharge. 

 

2.  THE SOLUTION OF THE PROBLEM IN ONE-DIMENSIONAL 

APPROXIMATION 

Let us consider a one-dimensional case as the first stage of the task. The equation 

system of Thomson’s one-dimensional model takes the form [6, 7] 

zH
c

i
r

E

r

E 




 
; 


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


E

cr

H z 4
, 

whence the limit relations result  
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In these relations E  and zH  – complex amplitudes of electric and magnetic 

fields,   - an oscillation frequency of the HF field, c – light speed in vacuum (in 

Gaussian system of units). Due to the symmetry on the axis of HFI discharge the 

azimuthal electric field is equal to zero, but   00  r , so according to l'Hôpital's rule, 

 
)0(24

0 0
2

2

2

0

0
2

2

z

r

z

r

r

z

H

r

H

i

c

r

E

r

H

c
r 






















  
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(the second limit relation), so, near the plasmoid axis 


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where values with one and two over-lines mean the real and imaginary parts of 

corresponding complex value. 

Further, according to physically trivial boundary conditions we will suppose 

0)0( zH , )0()0( a
zz HH  , and then 
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It is easy to see that in this case 

  






 










2

2

)0(
1

)0(1
r

c
i

c

H
irE

rr

z  

(the formula of the second approximation), from which 
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The corresponding solutions for equations recorded in physical variables, 

obtained in works [3-5], take the form 
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. 

As we see, the method of the limit relations in Thomson’s one-dimensional problem 

gives the true result for three values )(),( rEr a
H z   and )(rE

  out of four, but 

contains difference in formula (2) for )(rH a
z , where the coefficient at 4r   is twice higher 

in comparison with the earlier found dependence (6). 

It is clear, that this error is connected here with the neglect of decomposition (1) 

of summands, containing the highest (in this case the fourth) exponential degree of 

smallness according to r, that, in turn, is the peculiarity of limit relations method 

application in the complex problem statement. To receive the true result, in this case it is 

necessary to resort to the usage of the second approximation within which, as it is easy to 

see, we obtain 
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in accordance with the formula (6). 

 

3.  THE SOLUTION IN TWO-DIMENSIONAL FORMULATION OF THE 

PROBLEM 

 

Let us pass to a two-dimensional problem statement. The two-dimensional analog 

of equations of an electromagnetic field of HFI discharge takes the form [7] 
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where rH  is the complex amplitude of radial magnetic field in the discharge. Hence the 

limit relations 
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From formulas (11), (12) it follows that at small values of the amplitude radial 

coordinate r the longitudinal and radial components of magnetic field submit to the 

system of equations 
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The first equation in this system is evidently the first nonzero summand of the function 

decomposition 
z
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  into its Maclaurin series. Now let us differentiate the 

equation (13) on r, and the equation (14) on z. Then we will obtain 
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Combining these two expressions, we will find the linear differential equation 

with partial derivatives for the amplitude of longitudinal component of a magnetic field 

),( zrH z  near the plasmoid axis 
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Next let us put approximately the value of conduction ),0( z  as equal to its 

some average along the plasmoid length to the value constz cp  ),0( . It is possible 

to show accurately [8, 9] that due to the slowness of the parameter 24 c  in the right 

member of the equation (15), the solution of the equation, modified in such a way, with 

the rise of variable z will strive asymptotically for the solution of the input equation. 

From the point of view of physics, this assumption obviously corresponds to the usage of 

some kind of a canal model for the high-frequency inductive discharge. 

The equation (11) with the condition constz cp  ),0(  taken into account has 

the exact solution which can be received by means of Fourier method of variables 

separation by representation of the required function ),( zrH z  in the form of the product 

of functions )()(),( 21 zHrHzrHz   in all definition range of the function ),( zrH z . In 

this case the equation (15) will be written down as 
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Having divided the relation (16) into the product )()( 21 zHrH , we will find 
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The last equation, as it is easy to see, is split into the system of two differential 

equations for unknown  functions )(1 rH  and )(2 zH  
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in which C – some constant of splitting (positive number), the precise meaning of which 

has to be defined on the basis of boundary conditions. 

The problem of the equation (15) solution is reduced in this case, firstly, to the 

solution of Cauchy problem relating to the radial coordinate r for function )(1 rH , and, 

secondly, to the solution of the boundary value problem relating to the longitudinal 

coordinate z for function )(2 zH . 

The solution of the second equations of the system (17)-(18) is obvious: 
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satisfied conditions  

0)0( zHr ;   0
0






z

z

z

H
, 

whence it follows that in this case the value of the constant value A is equal to zero, 

therefore we have 
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In its turn, written down in this way, the equation (17), is, as it is easy to see, one 

of the alternatives of Bessel inhomogeneous equation 
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for an unknown function y . Its general solution for the right member representing an 

even degree of the argument, is given in work [10]: 
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where 0I  - Bessel modified function of the zero order. Hence, we have 
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The equations (7) and (9) give then the following expressions for complex amplitudes of 

radial magnetic and azimuthal electric fields in the discharge: 
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In these relations 1I  - Bessel modified function of the first order. In physical variables 

amplitude-phase we have 
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Within the limit 0b , the obtained expressions for ),( zrH z  and ),( zrE  pass 

to their corresponding relations (2), (3), (4) and (5) of the one-dimensional model. As we 

see, the solution (20) represents a formula of the first approximation for ),( zrH z , the 



JAE, VOL. 18, NO.1, 2016 JOURNAL OF APPLIED ELECTROMAGNETISM 

 

24 

 

application of which gives, in the same way as in the one-dimensional model, an error at 

amplitude values determination of longitudinal component of magnetic field in the 

discharge. Following the procedure, presented above, i.e. substituting relations (23), (24) 

into the equation (7) for the complex amplitude ),( zrH z , we will obtain from here the 

formula of the second approximation 
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in accordance with the relations of the one-dimensional model. For the comparison we 

will give the formulae, obtained in works [3-5] by the application of the limit relations 

method immediately to the equations, written down in amplitude-phase physical 

variables: 
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4. DISCUSSION AND CONCLUSION 

Function graphs ),(),,(),,(),,(),,( zrzrzrEzrHzrH
rz HH

aa
r

a
z   and ),( zrE

  

are given in Figs. 1-6, for the transverse section 4z  cm of the plasmoid in the 

downward flow direction, they are built according to the obtained here solutions (22), 

(25)-(29) and relations (30)-(33) taken from works [3-4] as well.  

 

 

 

 

 

 

 

 

 

 

Figure 1. Amplitude of longitudinal component of magnetic field inside the plasmoid for 

z=4cm (the block curve – Thomson’s model, dashed-line curve –method of limit relations, 

pecked line - method of limit relations applied to Thomson’s model) 
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Figure 2. Amplitude of radial component of magnetic field inside the plasmoid for z=4cm 

(the block curve – Thomson’s model, dashed-line curve – method of limit relations, pecked 

line - method of limit relations applied to Thomson 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3. Amplitude of electric curl field inside the plasmoid for z=4cm (the block curve – 

Thomson’s model, dashed-line curve – method of limit relations, pecked line - method of 

limit relations applied to Thomson’s model) 
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Figure 4. Phase angle of longitudinal component of magnetic field inside the plasmoid for 

z=4cm (the block curve – Thomson’s model, dashed-line curve – method of limit relations, 

pecked line - method of limit relations applied to Thomson’s model) 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

Figure 5. Phase angle of transverse component of magnetic field inside the plasmoid for 

z=4cm (the block curve – Thomson’s model, dashed-line curve – method of limit relations, 

pecked line - method of limit relations applied to Thomson’s model) 
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Figure 6. Phase angle of electric curl field inside the plasmoid for z=4cm (the block curve – 

Thomson’s model, dashed-line curve – method of limit relations, pecked line - method of 

limit relations applied to Thomson’s model)) 

 

For the purpose of comparison, the curves are also constructed on these graphs, 

they correspond to the exact solutions of the complete (not simplified for the central 

range of the plasmoid) equations of Thomson’s two-dimensional model of HFI discharge, 

received in work [7]. The parameters of the real HFI discharge [11, 12], burning in a 

quartz tube with the diameter of 80 mm, the half length of which is L=70 mm, and the 

carrier operation frequency is f=1.76 MHz are thus taken as the basis. The discharge is 

received on the standardized semi-industrial plasma facility HFI 11/60 with the plasma-

supporting gas consumption of Q=9 hourm3 . Thus, the complete capacity put into the 

discharge is about 30 KW. As we see, for actual technological units, based on the HF 

principle of gas induction heating, the method of Maxwell differential equations 

approximate integration, describing the internal structure of quasistationary 

electromagnetic fields in the plasma loaded inductor, gives quite exact results in the most 

interesting, from the point of view of possible applications, near-axial zones of the 

plasmoid. The obtained system of formulas keeps working efficiency up to the distances 

of the half of the diameter of plasma bunch luminous area. 
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In conclusion we will note that the results obtained here, among other things, 

show the place of the limit relations method among other methods of an approximate 

integration of differential equations systems with partial derivatives. It takes among them 

the same place as the pseudospectral method of numerical integration of equations of 

Burgers type takes among other methods of equations computational solution of 

incompressible viscous liquid [13]. 
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Abstract 

 

The paper deals with investigations of equation of motion for magnetic fluids, 

consisting of nano-particles or holding definite nano-particle inclusions. The equation is 

received by means of application the laws of conservation for linear and angular 

momentums. In low magnetic fields fluids are unable to reach saturation and nano-

particles revolve in additional rotating magnetic field. The magnetization in magnetic 

fluids increases in spiral form. 

 

When considering the motion of magnetic fluids and mechanical equations for non-

compressive magnetic fluid, the application of conservation principles of linear and 

angular momentum causes the reception of following equations [1] : 

                          −∇𝑝⃗′ + 𝜇0(𝑀⃗⃗⃗ ∙ ∇⃗⃗⃗)𝐻⃗⃗⃗ + 2𝜉(∇⃗⃗⃗ × 𝜔⃗⃗⃗) + (𝜉 + 𝜂)∇⃗⃗⃗2𝜐 = 0,                         (1) 

                                                  𝑇𝑚𝑎𝑔 + 2𝜉 ((∇⃗⃗⃗ × 𝜐⃗) − 2𝜔⃗⃗⃗) = 0,                                        (2) 

                                                                𝑝′ = 𝑝 + 𝜌𝑔𝑦                                                            (3) 
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is the modified pressure along the magnetic flux, p is the absolute pressure in Pascal, g 

being the free falling acceleration along 𝑖𝑦 and 𝜌 − the density of the magnetic fluid. 

𝜉  is the whirl viscosity of the magnetic fluid, approximately given by 𝜉 ≈

3𝜂𝜑
2⁄ ,   𝜑 ≪ 1, 𝜂 is the viscosity of dynamic shift for the magnetic fluids and 𝑇𝑚𝑎𝑔 −

 magnetic revolving (whirl) density. For sick signals consider the expression as the 

sinusoidal and stationary, where the viscosity dominates over conditions of the flux 

(i.e. the inertia is too small and ignored) and the magnetic fluid reacts only on the 

force of the revolving momentum and on the density, holding average in time, non-

zero components. Again, ignoring the shift in viscosity and the volume coefficients 

𝜂′, 𝜆′  we get: 

                                                                𝑇𝑚𝑎𝑔 = 𝜇0(𝑀⃗⃗⃗ × H⃗⃗⃗).                                                (4) 

The law of momentum conservation (ignoring the inertia term) given by (1) includes 

the terms provided by the pressure and force of weight (first term), by the density of 

the magnetic force (second term), by the spin-velocity connection (third term) and by 

the viscosity (fourth term). 

As it is seen from (2) the spin-velocity may be considered by two factors: the first – 

revolving in the flux (whirl flux) provided by ∇⃗⃗⃗ × 𝜐⃗ term and the second − 𝑇𝑚𝑎𝑔 , 

provoked by the magnetic momentum, appearing when the magnetic field and the 

magnetization in the fluid are not of the same direction any more (are not inter 

parallel). In the case of absence of the density of the magnetic flux (i.e. for non-

magnetic fluids) the equation (2) reduces to the equation of revolving of a 

momentum, where inertial terms are ignored and the spin-velocity is provoked by 

revolving in the flux (whirl field) only. 

In magnetic fluids, when the flux is absent, the spin-velocity is proportional to the 

density of the magnetic moment and it actually annihilates differences in 

measurements of the magnetic field and the magnetization of the field. Averaging the 
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time, the only remaining non-zero component of the density of the magnetic 

momentum is given as follows: 

                                                    〈𝑇𝑚𝑎𝑔.𝑧〉 =
𝜇0

2
𝑅𝑒(𝑚̂𝑥ℎ̂𝑦

∗ − ℎ̂𝑥𝑚̂𝑦
∗ ),                                  (5) 

where 〈 〉 denotes the average, while * − complex conjugated. 

Taking into account 

                                                                      𝐵⃗⃗ = 𝜇0(𝐻⃗⃗⃗ + 𝑀⃗⃗⃗),                                                 (6) 

For time average density of the revolving magnetic momentum and the amplitude of 

the complex transversal magnetization (5) may be written down as follows: 

                                              〈𝑇𝑚𝑎𝑔.𝑧〉 =
1

2
𝑅𝑒(𝑚̂𝑥ℎ̂𝑦

∗ − 𝜇0(ℎ̂𝑥 + 𝑚̂𝑥)𝑚̂𝑦
∗ )                        (7) 

and applying (2), the spin-velocity and the density of the momentum are given by 

                                                       −2𝜉
𝜕𝜐𝑥

𝜕𝑦
− 4𝜉𝜔𝑥 + 〈𝑇𝑚𝑎𝑔.𝑥〉 = 0.                                  (8) 

Note that the second non-zero term in (1) 𝜇0(𝑀⃗⃗⃗ ∙ ∇⃗⃗⃗)𝐻⃗⃗⃗ is the density of the magnetic 

force Fmag, associated with the magnetic fluid. As in figure, field components may vary 

only along Y-axis, because only non-zero component of the density points in Y-axis 

direction and, taking into account 
𝜕𝐵0

𝜕𝑧
⁄ = 0 in (6), we get 

                                           𝐹𝑚𝑎𝑔,𝑦 = 𝜇0 (𝑚𝑥

𝜕ℎ𝑦

𝜕𝑥
+ 𝑚𝑦

𝜕ℎ𝑦

𝜕𝑦
+ (𝑀⃗⃗⃗0)

𝜕ℎ𝑦

𝜕𝑥
),                    (9) 

thus 

𝐹𝑚𝑎𝑔,𝑦 = 𝜇0 (𝑚𝑦

𝜕ℎ𝑦

𝜕𝑦
) = −𝜇0 (𝑚𝑦

𝜕𝑚𝑦

𝜕𝑦
), 

and 

𝐹𝑚𝑎𝑔,𝑦 = −
𝜇0

2

𝜕(𝑚𝑦
2)

𝜕𝑦
, 

and the average value 

                                                          〈𝐹𝑚𝑎𝑔,𝑦〉 = −
𝜇0

4

𝜕|𝑚̂𝑦|
2

𝜕𝑦
.                                          (10) 
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Here again non-zero, average terms are figured only, and ̂  symbol represents the 

complex value of the amplitude of the second signal. 

For simplifying (9), the non-zero components of (1) are given by the formulae: 

                                           −
𝜕𝑝′

𝜕𝑥
+ 2𝜉

𝜕𝜔𝑧

𝜕𝑦
+ (𝜉 + 𝜂)

𝜕2𝜐𝑥

𝜕𝑦2
= 0,                                     (11) 

 

                                           −
𝜕(𝑝 + 𝜌𝑔𝑦)

𝜕𝑦
−

𝜇0

4

𝜕|𝑚̂𝑦(𝑦)|
2

𝜕𝑦
= 0,                                     (12) 

and then follows 

                                           𝑝(𝑥, 𝑦) + 𝜌𝑔𝑦 +
𝜇0

4
|𝑚̂𝑦(𝑦)|

2
= 𝑓(𝑥).                                (13) 

Conservation of the momentum gives us the components along 𝑖𝑥 and 𝑖𝑦 given by (11) 

and (12), while we have no component along 𝑖𝑧. Assume the pressure may vary due to 

the length and width of the magnetic flux (i.e. p = p(x, y)) and integrating (12), we 

arrive to (13), where f(x) is the speed of the flux in X-direction, while dependence of 

the pressure on free falling acceleration is given by (2) and is dependence on y in 𝑚𝑦. 

Taking into account the calculations of the magnetic field [2], then 

                                   𝑚̂𝑥 =
𝑀0

𝐻0

(𝑗Ω𝜏 + 1 +
𝑀0

𝐻0
) ℎ̂𝑥 − (𝜔𝑧𝜏)

𝑏̂𝑦

𝜇0

(𝑗Ω𝜏 + 1) (𝑗Ω𝜏 + 1 +
𝑀0

𝐻0
) + (𝜔𝑧𝜏)2

,                        (14) 

                                   𝑚̂𝑦 =
𝑀0

𝐻0

(𝜔𝑧𝜏)ℎ̂𝑥 + (𝑗Ω𝜏 + 1)
𝑏̂𝑦

𝜇0

(𝑗Ω𝜏 + 1) (𝑗Ω𝜏 + 1 +
𝑀0

𝐻0
) + (𝜔𝑧𝜏)2

,                        (15) 

𝑚̂𝑥 and 𝑚̂𝑦 being complex amplitudes depending on spin-velocity 𝜔𝑧.  

Equations (8), (11), (14) and (15) create the closed system for four unknown 

quantities: spin-velocity 𝜔𝑧 , the speed of the magnetic flux 𝜐𝑥  and two complex 

amplitudes of the magnetization 𝑚̂𝑥 and 𝑚̂𝑦, directed along 𝑖𝑥 and 𝑖𝑦, respectively 
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Note that 𝑏̂𝑦 and ℎ̂𝑥 represent the fields of the sick signal and, thus, are known, while 

(13) takes into account variations in the pressure of the medium and does not regulate 

the flux in the medium, although (13) does not take into account measurements of 

〈𝑚̂𝑦〉 at the variations in the pressure [3,4] . 

In the figure the magnetic fluid is presented, located in the vessel with solid, fixed 

walls (y = 0 and y = d) in the magnetic field H0, along X-axis the components of the 

sick signal holding sinusoidal magnetic field with ℎ̂𝑥 complex amplitude and in Y-

direction the components of the sick signal magnetic flux density with 𝑏̂𝑦 complex 

amplitude. x and y components of the magnetic field vary in the sinusoidal way with 

Ω frequency. The speed 𝜐𝑥(𝑦) points in X-direction, the spin-velocity 𝜔𝑧(𝑦) points in 

Z-direction depending only on y coordinate. 
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Abstract 
    

This article deals with idealized isotropic model of data transmission in free space 

environment. This is a model by which data to base station does not arrive directly, but 

by the means of multi-hop method. Thus data transmission energy is considerably 

reduced and network life is prolonged , which is a main task of many designer. We have 

four different examples, which illustrate how the transmission energy can be significantly 

reduced. The energy model is simulated with Matlab and results visualized with 

appropriate graphics. 

  

 

1. INTRODUCTION 

   It is typical for wireless sensor networks (WSN), that sensor nodes  have a 

limited scope for data transmission. In most cases, packets of information are transmitted 

from source to receiver, passing through many intermediate nodes. This method allows 

for the level of  energy used to be reduced, but on the other hand imposes the condition of 

dynamic routing of transmission [2]. 

   Wireless sensor networks are networks with a decentralized structure in which 

information is  wirelessly transmitted, mostly through radio or optical connection and 

there are high expectations for size and lifetime of the nodes. 

   Devices compactness and possibility of rapid deployment of WSN makes them 

extremely suitable for emergency situations: earthquakes, floods, fires and other natural 

disasters [1]. This network types are preferred when network is of temporary purpose and 

building infrastructure is difficult or uneconomic. 

   The so far given characteristics lead to certain requirements: low power 

consumption (as it works with limited autonomous power supply); small size of sensor 

nodes; security and protection of data transmitted. 
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2. ENERGY MODEL 

   By this model we try to optimize the network. The main goal that we set is to 

reduce the transmission energy between sensor nodes (SN) and the base station (BS) and 

with this to have low power consumption of SN. As we know this will prolong the 

lifetime of our wireless sensor network. 

   A main challenge in the design of an energy-efficient wireless network is that 

sending a bit of information through free space directly from node A to node B incurs an 

energy cost Et, which is a strong function of the distance d between the nodes and can be 

represented in the following form: 

                                                 Et = β × d
n
                          (1) 

 

   As we can see this is a non-linear function that depends mainly from the 

distance d (in meters) and path-loss exponent n (a factor that is generally between 2 and 5 

and depends on the RF environment). In this formula β is a proportionality constant 

describing the overhead per bit. Given this greater than linear relationship between 

energy and distance, using several short intermediate hops (Fig.1) to send a bit is more 

energy-efficient than using one longer hop [3,4,5,6]. 

 
d dddd A B

 
 

Figure 1. Multi-hop network, using several  intermediate nodes to send information 

 

3. RESULTS FROM SIMULATIONS 

 
3.1. Example 1  
 

      We assume that  n = 2, which is a common case in indoor environments, and β 

= 0.2 femtojoules/meter. Than one-hop over 50 meters, according (1),  requires Et(one-

hop) = Et(d=50m) = 0.5 picojoules per bit (Fig. 2).  

When we use five-hops of 10 meters (Fig. 3), according (1), require   Et(five-hops) 

= 5 × Et(d=10m) = 5 × 0.02 picojoules per bit = 0.02 picojoules per bit. And we can see 

this graphically shown in Fig. 4. 
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Figure 2.One-hop transmission (d=50m) 

 
 

10m 10m10m10m10m A B

 
 

Figure 3. Multi-hop network, using five  intermediate hops to send information 

 

 
Figure 4.Multi-hop transmission (d=10m) 
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The multihop approach in this example reduces transmission energy by a factor of 

5, (because Et(one-hop) / Et(five-hops) = 5).  

 

 

  3.2. Example 2  
 

We assume that  n = 2, which is a common case in indoor environments, and β = 

0.2 femtojoules/meter. Than one-hop over 50 meters, according (1),  requires Et(one-hop) 

= Et(d=50m) = 0.5 picojoules per bit (Fig2).  

When we use ten-hops of 5 meters (Fig.5), according (1), require  only  Et(ten-

hops) = 10 × Et(d=5m) = 10 × 0.005 picojoules per bit = 0.05 picojoules per bit. And we 

can see this graphically shown in Figure 6. 

 
5m 5m

5m A B

 
 

Figure 5. Multi-hop network, using ten  intermediate hops to send information 

 

 
Figure 6.Multi-hop transmission (d=5m) 
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   The multihop approach in this example reduces transmission energy by a factor 

of  10 (because Et(one-hop) / Et(ten-hops) = 10).  

 

 

3.3. Example 3 

 

   We assume that  n = 2, which is a common case in indoor environments, and β = 

0.2 femtojoules/meter. Than one-hop over 50 meters, according (1),  requires Et(one-hop) 

= Et(d=50m) = 0.5 picojoules per bit (Fig2). 

When we use twenty-five-hops of 2 meters (Fig.7), according (1), require  only  

Et(twenty-five-hops) = 25 × Et(d=2m) = 25 × 0.0008 picojoules per bit = 0.02 picojoules 

per bit. And we can see this graphically shown in Figure 8. 

 

2m 2m
2m A B

 
 

Figure 7. Multi-hop network, using twenty five  intermediate hops to send information 

 
Figure 8.Multi-hop transmission (d=2m) 
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   The multihop approach in this example reduces transmission energy by a factor of  25 

(because Et(one-hop) / Et(ten-hops) = 25). 

 

3.4. Example 4  

 

   We assume that  n = 2, which is a common case in indoor environments, and β = 

0.2 femtojoules/meter. Than one-hop over 50 meters, according (1),  requires Et(one-hop) 

= Et(d=50m) = 0.5 picojoules per bit (Fig2).  

When we use fifty-hops of 1 meter (Fig.9), according (1), require  only  Et(fifty-

hops) = 50 × Et(d=1m) = 50 × 0.0002 picojoules per bit = 0.01 picojoules per bit. We can 

see this graphically shown in Figure 10. 

 

 
1m 1m

1m A  B

 
 

Figure 9. Multi-hop network, using fifty  intermediate hops to send information 

 

 
Figure 10.Multi-hop transmission (d=1m) 
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   The multihop approach in this example reduces transmission energy by a factor 

of  50 (because Et(one-hop) / Et(ten-hops) = 50). 

 

 

4. CONCLUSION 

 

   In this article we present multi-hop model for wireless sensor networks. Multi-

hop data transmission in free space environment is examined. 

   This model does not take into account transmission irregularity, shadowing 

effects and the energy for calculations. It also does not take into consideration the energy 

for signal amplification in the different nodes, which are used as active repeaters. 

   The main purpose was to demonstrate that the energy for transmission of 

information between two nodes (A and B) can be reduced significantly by using a multi-

hop way for communication. It is found through simulations in Matlab environment  that 

the energy transmission is highest in the direct transmission (one-hop)  and lowest in the 

multi-hop approach in example four, where we use 50 hopes.  The transmission energy 

there reduces by a factor of 50 and we have the best efficiency. 
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