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Abstract  

 

Novel closed-form expressions for auto- and cross-correlation functions are 

developed first for deterministic continuous signals presented by generalized Gauss-

Hermite pulses (GHP). These set of functions is chosen because their special property: 

they are eigen-functions of the Fourier transform. Then complex electromagnetic signals 

based on mixture of these deterministic signals are developed. This analysis could be 

interesting for different areas: 1) analysis of ultra-wide band (UWB) antennas; 2) 

analysis of radar signals; 3) analysis of bio-electromagnetic signals. 

 

Index terms – Time-domain analysis, Gauss-Hermite electromagnetic pulses (EMP), 

Auto- and cross-correlation functions. 

 

1. INTRODUCTION AND PROBLEM FORMULATION 

In   this   paper   a   set   of   Fourier - Hermite   pulses (GHP) as a special class of 

electromagnetic pulses (EMP) are proposed and their correlation properties are explored. 

These pulses have special advantages that make them an important class of EMP. They 

are orthogonal functions. They are generalization of important class for the applications 

Gaussian pulses. Finally, they are eigen-functions of the important Fourier integral 

transform. In principle, every radar pulse could be expressed in term of series of these 

short GHP pulses. The obtained signals are well localized, have a high spectral efficiency 

and a robustness against synchronization errors, which is similar to the robustness of the 

common orthogonal trigonometric Fourier pulses. Based on discussed properties and 

initial results, the Fourier-Hermite signal set is found to be a promising candidate for 
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many areas of signal processing applications (including exploration of general EMP). In 

the analysis below novel analytical results are obtained for the auto- and cross-

correlations between different members of the class of the GHP. Another positive result 

is that the last results are expressed in term of associated Laguerre pulses, that are also 

well tabulated an orthogonal set of functions. 

GHP pulses can be used in different applications: eigenmodes in multi-mode 

optical fibers [1], Hermite functions find application in image processing [2], [3], optics 

[4], electroencephalograph (EEG) processing [5], ultra-wideband (UWB) pulseshaping 

[6], short-time pulse radar [7], and in multicarrier UWB-communications [8] - [10]. 

Auto-correlation functions of Hermite functions have first been addressed in 2003 

[11]. Next, in 2003 also were derived cross-correlation functions for a generalized class 

of Hermite functions, called generalized Hermite wavelets, however they are presented 

by a single series [12]. The author noticed that his results “strongly suggest that the 

correlation functions of generalized Hermite wavelets can also be represented by 

generalized Hermite wavelets”. As the Gaussian pulses is in fact the zeroth-order GHP, 

and the results of the operations on the zeroth-order GHP are well-established. We extend 

here the conventional Gaussian EMP and more general Gauss-Hermite pulses of an 

arbitrary order are used instead. As Hermite functions have several well-studied 

properties and often serve as an orthonormal signal basis, it is advantageous to express 

the results of mathematical operators in terms of Hermite functions. It allows for 

subsequent reuse of the same equations when multiple operations are performed 

consecutively [12], [13].  

The GHP correlations are investigated in the recent papers [14], [15], however the 

final results there are presented in terms of complicated double series form. In this paper 

much more simple explicit expressions for auto- and correlations of the GHP pulses are 

developed in terms of well-known associated Laguerre functions. 

 

2. THE ORTHOGONAL SET OF GAUSS-HERMITE PULSES (GHP) 

The Generalized Gauss-Hermite (GHP) generalized functions consist the 

important for the applications Gaussian distribution as a particular case for (n = 0). By 

definition they are the following set of time-domain functions 
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    𝜙𝑛 (𝑡) =  𝐶𝑛  𝑒
−𝑡2/2 𝐻𝑛  (𝑡) ,                                                                 (1) 

where the coefficients 𝐶𝑛 = 1 / √2𝑛 𝑛! √𝜋  and 𝐻𝑛 (𝑡)  are Hermite polynomials, order 

(n).   

 
Figure 1. GHP for different indexes:  

                           (n=0) - solid line; (n=1) – dashed line; (n=2) – dash-dotted line. 

 These coefficients are chosen in such way that the GHP become orthonormal 

functions, i.e.    

                                       ∫ 𝜙𝑚 (𝑡) 𝜙𝑛
∞

−∞
(𝑡)𝑑𝑡 =  𝛿𝑚𝑛  ,            (2) 

where 𝛿𝑚𝑛  are Kronecker symbols [15]. The first three functions (n=0; 1; 2) are shown 

in Fig.1. The pulses with n = even number are even functions, while these with n = odd 

number are odd functions. The lowest order GHP is just a Gaussian pulse function.  

Next advantage of the GHP pulses is that they are eigen-functions of the infinite  

Fourier transform, because of the following property 

 

   ∫ 𝜙𝑛 (𝑡)
∞

−∞
𝑒𝑗𝜔𝑡𝑑𝑡 =  √2𝜋 𝑗𝑛 𝜙𝑛 (𝜔)                                            (3) 

 Providing that the radar processes a general EMP {𝑓(𝑡)}, the last one can be 

presented in a series of GHP, or 

          𝑓(𝑡) =  ∑ 𝑏𝑛 
∞
𝑛=0 𝜙𝑛 (𝑡)                                                           (4) 
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where because of the orthogonality (2) the coefficients {𝑏𝑛} can be easily found by an 

integration 

    𝑏𝑛 = ∫ 𝑓(𝑡) 𝜙𝑛
∞

−∞
 (𝑡)𝑑𝑡 .                                                   (5) 

Here we are interested in the properties of the auto- and cross-correlation 

functions of GHP and suitable novel analytic expressions will be developed below. It is 

shown how these two types of correlations can be extended for the case of general 

(deterministic or stochastic) EMP functions {𝑓(𝑡)}, defined by (4). 

In some references two more similar convolution functions, called Wigner-

distribution functions (WDF) and ambiguity functions (AF), are defined and suitable 

analytical series expressions for them are obtained [14], [15]. 

 

3. AUTO-CORRELTIONS OF GHP SET OF FUNCTIONS 

By definition the auto-correlations of stationary deterministic/random processes 

with pdf-function presented by equation (1) can be found by the following integral 

 

                     𝜌𝑛𝑛 (𝜏) =   𝐶𝑛
2  ∫ 𝜙𝑛

∞

−∞
(𝑡) 𝜙𝑛 (𝑡 +  𝜏)𝑑𝑡.                                         (6) 

We introduce new integration variable by setting  𝑡 +
𝜏

2
=  𝜉 that transform this integral in 

the following form 

        𝜌𝑛𝑛 (𝜏) =   𝐶𝑛
2 𝑒−𝜏2 / 4 ∫ 𝐻𝑛

∞

−∞
(𝜉 −  𝜏 /2) 𝐻𝑛 (𝜉 +  𝜏 /2)𝑑𝜉.              (7)   

Applying the reference [16] , setting: m = n, x = ξ, y = - τ/2, z = + τ/2, the 

following result is obtained for the auto-correlations 

    𝜌𝑛𝑛 (𝜏) =  𝑒−𝜏2 / 4  𝐿𝑛 
0  (𝜏2 / 2),                                         (8) 

where 𝐿𝑛 
0  (𝑡) are Laguerre polynomials of order n. 

 The most widely used is the s.c. envelope auto-correlations, introduced by  

 

             𝜌𝑛𝑛
𝑒  (𝜏) =  |𝜌𝑛𝑛 (𝜏)|2 ,            (9) 

because of the fact that they are positive functions, or 𝜌𝑛𝑛
𝑒  (𝜏) ≥ 0 for every time-interval 

𝜏. The equations (9) and (6) lead to the following final result 

                                                 𝜌𝑛𝑛
𝑒  (𝜏) =  𝑒−𝜏2 / 2  |𝐿𝑛 

0  (𝜏2 / 2)|2                                  (10) 
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The first three autocorrelations (n = 0; n = 1; n = 2) are shown in Fig.2 for the case (τ > 

0 ). They are even-functions, so their behavior for ( τ < 0 ) can be easily found. This 

means that they obey the following property 

                       𝜌𝑛𝑛
𝑒  (– 𝜏) =  𝜌𝑛𝑛

𝑒  (𝜏).                                                (11) 

As can be easily seen from Fig. 2, the number of the side-lobes of the auto-correlation 

function is equal to (n). Another observation is that the width of the main lobe of the 

correlation function  (related to the correlation time interval) is decreasing with 

increasing of the order (n). 

 
Figure 2. Auto-correlations of GHP:  

(n=0) – solid line; (n=1) – dashed line; (n=2) – dash-dotted line. 

 

 

4. CROSS-CORRELTIONS OF GHP SET OF FUNCTIONS 

By definition the cross-correlations for two stationary random processes are a set  

of the following functions 

 

 𝜌𝑚𝑛 (𝜏) =   𝐶𝑚 𝐶𝑛 ∫ 𝜙𝑚
∞

−∞
(𝑡) 𝜙𝑛 (𝑡 +  𝜏)𝑑𝑡 .                                        (12) 

 

Applying the reference [16], setting: x = ξ, y = - τ/2, z = + τ/2, the following result 

for the cross-correlations is obtained 
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    𝜌𝑚𝑛 (𝜏) =  √
𝑚!

𝑛!
𝑒−𝜏2 / 4  (𝜏2 / 2)(𝑛−𝑚) 2⁄ 𝐿𝑚 

(𝑛−𝑚) 2⁄
 (𝜏2 / 2) ,                 (13) 

where 𝐿𝑚
𝑛  (𝑡)  are associated Laguerre – functions. From this equation the following final 

expression for the envelope cross-correlation function can be developed 

                       𝜌𝑚𝑛
𝑒  (𝜏) =  

𝑚!

𝑛!
𝑒−𝜏2 / 2  (𝜏2 / 2)𝑛−𝑚|𝐿𝑚 

(𝑛−𝑚)
 (𝜏2 / 2)|

2

 (𝑚 ≤ 𝑛)              (14) 

 

The first three cross-correlation functions (m = 0, n = 1); (m = 1, n = 2); (m = 0, n = 2) 

are shown in Fig.3. Obviously, the expression (10) is a special case of (14), when ( m = 

n ). From this expression is easily to prove that the envelope cross-correlations are also 

even functions,  

 
Figure 3. Cross-correlations of GHP: 

(m=0, n=1) – solid line; (m=1, n=2) – dashed line; (m=0, n=2) – dashed-dotted line. 

 

or 

                 𝜌𝑚𝑛
𝑒  (– 𝜏) =  𝜌𝑛𝑚

𝑒  (𝜏)                                 (15) 

As it can be seen from Fig.3 the number of the maxima is related to the first index (m) 

and this number is (m+1) maxima. As it can be expected the maximum values of these 

cross-correlations is decreasing with increasing the distance from the main diagonal (see 

here the case m=0, n=2). 
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 From Figs. 2 and 3 is visible, that the correlation time for all GHP is 𝑇𝑐 < 5 , that 

proves the fact that GHP are well-localized EMP. 

 

5. AUTO- AND CROSS- CORRELATIONS OF GENERAL 

ELECTROMAGNETIC PULSES (EMP) 

Suppose now that we an arbitrary EMP f(t) is given by the series (4) in terms of 

well-known GHP 𝜙𝑛 (𝑡) (n = 0, 1, 2, …,). The coefficients {𝑏𝑛} in this expression are 

found from equation (5) and they are assumed to be known. The correlation function 

R  (𝜏) for these pulses (in case of a stationary deterministic/random process) can be 

defined by expression similar to (12), i.e. 

     𝑅(𝜏) =   ∫ 𝑓
∞

−∞
(𝑡) 𝑓(𝑡 + 𝜏) .                                           (16) 

Applying equation (4) yields to the following quadratic form 

            𝑅 (𝜏) =  ∑ ∑ 𝑏𝑚
∞
𝑛=0

∞
𝑚=0 𝑏𝑛 𝜌𝑚𝑛 (𝜏).                                   (17) 

This double series expression solves the problem with finding the single time-

correlation function 𝑅(𝜏), provided the coefficients {𝑏𝑛} are known from (5) and the 

GHP correlation functions {𝜌𝑚𝑛 (𝜏)} are known from (13). The envelope function of the 

EMP can be obtained from the expression 

           𝑅𝑒(𝜏) =  |𝑅 (𝜏)|2                                                       (18) 

 

 

 

4. CONCLUSION 

In this paper an extension of the previous analytical expressions for the GHP 

pulses is developed. These novel expressions are much simpler and they provide more 

suitable procedure for numerical calculations of the time-correlations, than the algorithms 

proposed in [9] - [14], where single and double series are applied to obtain the 

correlations. Both auto- and cross-correlation functions are found in terms of well-

tabulated Laguerre functions.  
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 The obtained signals are well localized, have a high spectral efficiency and a 

robustness against synchronization errors, which is similar to the robustness of the 

common orthogonal trigonometric Fourier pulses. Based on discussed properties and 

initial results, a Fourier set of Gauss-Hermite signals (GHP) is found to be a promising 

candidate for many areas of signal processing applications (including exploration of 

general EMP).  

 The main analytical results obtained in this paper are simple explicit expressions 

in terms of Laguerre polynomials in the case of auto-correlations (10) and in the case of 

cross-correlations (14). The main numerical results easily derived in the paper by an 

application of these expressions are presented in Fig.2 and Fig.3. It can be easily seen that 

the correlation time (𝑇𝑐 < 5), which proves the fact that they are well-localized.  

GHP pulses can be used in different applications: eigenmodes in multi-mode 

optical fibers [1], Hermite functions find application in image processing [2], [3], optics 

[4], electroencephalograph (EEG) processing [5], ultra-wideband (UWB) pulseshaping 

[6], wide-band radar [7] and as a basis for multicarrier UWB-communications [8] – [10]. 
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Abstract 

 

Diffusion processes occur in many scientific areas; they are especially important 

in chemistry, biology and medicine. Most of the mathematical models that describe 

diffusion are nonlinear Partial Differential Equations, which do not have analytical 

solutions and numerical methods require large computing resources. There is a growing 

interest in the structures (fractal clusters) generated by diffusion processes, and the 

search for new models has intensified. The important method complementary to 

mathematical models is imitation modeling in which the space mobility of the particles of 

a substance is directly modeled. 

There are two directions in such an approach: an imitation of random walks of 

particles; and cellular automata modeling. In this work, for the modeling of the fractal 

cluster growth on triangulated surfaces, we implement algorithms based on random walk. 

We use classical variants of Diffusion Limited Aggregation (DLA) and Reaction Limited 

Aggregation (RLA) models. It is shown that, in the framework of the classical Cluster 

Aggregation (CCA) model, fractal cluster on a triangulated surface cannot be correctly 

constructed without additional assumptions about the cluster restructuring. 

The software is written in Python; it may be used by both researchers and 

students as a tool for the modeling of complex processes. 

 

 

1. INTRODUCTION 

Diffusion is one of main processes when two substances interact. Hence 

mathematical and imitation modeling are common tools for research. Mathematical 

models often do not have analytical solutions. We need therefore to apply numerical 

methods and imitation modeling in which a mobility of particles is simulated directly. 

Such an approach allows visual representation to be obtained of the objects which appear 

as a result of diffusion both on surfaces and in the space. Complex structures generated 

by various diffusion processes are called aggregates, or fractal clusters, due to their 

similarity with well-known objects. In reality, aggregates may be not only fractals but 

multifractals as well. 
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The active studying of such structures began in 1970 and has continued 

successfully up to now. Fractal aggregates appear in the process of crystallization [8] and 

hemagglutination [14]. Imitation modeling of the growth of fractal clusters in an 

environment that has given physical properties may help in forecasting results of the 

process under study. This technique was efficiently applied to the study of the spread of 

cancer cells in blood [16].  

The models of the construction of fractal clusters can be divided into the 

following properties [13]: 

- The nature of a process (cluster-particle or cluster-cluster). 

- The nature of the association of particles or clusters depending on the probability 

of sticking. 

- The nature of the motion of particles or clusters (chaotic or directional).  

In 1981 W. Witten and L. Sander proposed the first computer model (DLA) [15] 

which constructs a fractal cluster on the plane as a result of random walks of particles 

which are thrown one by one. This model was then widened and modified, which resulted 

in: the description of RLA, which allowed the addition of a physical parameter of a given 

environment; and the CCA model, which considered the motion of clusters not particles. 

Another approach to diffusion modeling is based on a widened notion of cellular 

automata. In this notion any alphabet, transition functions and regimes of the change of 

cell states are possible. Such a wide interpretation of cellular automata allows us to 

construct mathematical descriptions of space-time processes of various nature including 

the processes with self-organization ([1],[4]). 

In practical applications, it is important to use modeling both on surfaces and in 

the space. The approach based on cellular automata implementation of DLA on the bone 

surface was proposed in [4]. In [2] the author designed and implemented the optimized 

DLA algorithm on a triangulated surface, which is based on the random walk method. 

The CCA model was applied to study processes in colloidal solutions and aerogels; the 

implementation was made in space configuration [10,11,17]. 
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This work is based on random walk imitation modeling for DLA, RLA, and CCA 

models. Optimized DLA and RLA are realized on a triangulated surface. For CCA it is 

shown that, in the framework of the classical model, a correct implementation on a 

triangulated surface is impossible without an assumption about the cluster restructuring. 

The software written in Python includes :  

- Triangulation of a surface by the marching method.  

- Implementation of both base and optimized DLA for a triangulated surface. 

- Implementation of RLA for a triangulated surface. 

- Implementation of CCA on a square lattice. 

- Visualization of results in 3D. 

The paper is organized in the following way. In sections 2 and 3 there is a 

description of the DLA model and its optimization both on the plane and a triangulated 

surface. The CCA model is discussed in section 4. In section 5 we describe the RLA 

model. The results of numerical experiments are given. 

 

2. DLA MODEL 

2.1. Witten-Sander base model  

In this variant, particles are thrown on the plane randomly and walk by random 

way on a square lattice. The initial particle is considered as a cluster. Every next particle 

may move with equal probability in 4 directions – up, down, left, right – on the lattice 

lines or cells. A particle joins the cluster if it is a neighbor of a particle in the cluster. The 

choice of a way of moving depends on the representation of a particle – it may be 

presented by a vertex of the lattice or by a cell. The representation naturally influences 

the visualization results. 

 

2.2. DLA on triangular lattice 

In this case, we should define the directions of the particle transitions. For a 

particle in a triangle with sides a, b, c, define the probabilities p(a), p(b), p(c) to move in 

neighboring triangles through corresponding sides as follows: 

 



“DIFFUSION MODELS ON TRIANGULATED …”   N. AMPILOVA  

 

14 

 

𝑝(𝑎) =
1

𝑎⁄

1
𝑎⁄ + 1

𝑏⁄ + 1
𝑐⁄
 

𝑝(𝑏) =
1

𝑏⁄

1
𝑎⁄ + 1

𝑏⁄ + 1
𝑐⁄
 

𝑝(𝑐) =
1

𝑐⁄

1
𝑎⁄ + 1

𝑏⁄ + 1
𝑐⁄
 

(1) 

 

For example, in the triangle with sides 3, 4, 5 we have p(a)=20/47, p(b)=15/47, 

p(c)=12/47. The unit segment is divided as [0, 20/47, 35/47, 1]. If the random number is 

in the first interval, we go to the neighboring triangle through side a, etc. 

 

3. OPTIMIZATION OF THE DLA ALGORITHM  

In applications, the base DLA model has some disadvantages: 

1. Every particle moves on a lattice chaotically and the number of steps is 

unbounded. Hence for large surfaces the number of steps which are required to 

join to a cluster grows indefinitely. Thus, for a large number of particles the 

run time may be unpredictably large. 

2. In real experiments one usually models several clusters on the same surface. 

But this fact is not taken into account, which also results in the run time 

growth.  

It follows that in real modeling we have to use some restrictions on the number of 

particles, size of the surface, and the number of particles in the cluster.  Moreover, we 

consider a variant of optimization based on a reduction of the number of random walking. 

 

3.1. Optimization on square lattice 

The optimization proposed in [2] defines a particle’s position when it joins a 

cluster in advance – at the moment when the particle is thrown on the lattice.  For a 

square lattice with М cells we compute a matrix of choice of coefficients G [M, M] which 

is used to define the particle position. 
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When a particle is thrown on a lattice the choice coefficients are calculated for 

each boundary point of the cluster. It is known [2] that these coefficients depend on only 

the sum of coordinate distances (a on abscissa and b on ordinate) between a new particle 

and boundary points of the cluster and may be calculated as: 

𝑝(𝑎, 𝑏) =
1

4(𝑎 + 𝑏)
 

(2) 

 

 

We consider the obtained coefficients as values of a distribution function, choose 

a value randomly, and the preimage of this value defines the position of joining. 

3.2.  Optimization on a surface 

For a triangulated surface we present the structure of a lattice by a graph, such that 

triangles correspond to the graph vertices, and edges between vertices mean that these 

triangles are adjacent. Define on edges (paths by length 1) weights (choice coefficients) 

which are calculated by (1). Write these weights in a matrix 𝐺1.   Then construct a 

sequence of matrices  {𝐺𝑘}, such that 𝐺𝑘 contains choice coefficients for k-length paths. 

The weight of a path equals the product of weights of edges. 

In  𝐺1 denote by 𝑝(𝑖, 𝑗)  the weight of the edge (i,j). Let   𝑝(𝑖, 𝑗) = 𝑦,   and  

𝑝(𝑗, 𝑗1) = 𝑦1, 𝑝(𝑗, 𝑗2) = 𝑦2, 𝑝(𝑗, 𝑗3) = 𝑦3 for neighbors of j. Then in  𝐺2 in elements with 

indices  (i,𝑗1), (i, 𝑗2), (i, 𝑗3)   the coefficients 𝑝(𝑖, 𝑗1) = 𝑦𝑦1, 𝑝(𝑖, 𝑗2) = 𝑦𝑦2, 𝑝(𝑖, 𝑗3) =

𝑦𝑦3  will be written. Thus (𝑖, 𝑗1) corresponds to the 2-length path from i to 𝑗1  and its 

weight is the product of the weights of the path edges. The matrices of higher order are 

constructed by analogy.  

The common matrix of the choice coefficients is calculated as the sum of 𝐺𝑘 , 

where k is from 1 to a given N. The position of the place of joining the cluster is defined 

by the analogy with the case 3.1. The optimized algorithm may require more or equal 

time than the base one. The optimization results in considerable time gain when we 

conduct a series of experiments, because the matrix G is calculated one time for a given 

surface.  

Summing up one may say that: 
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1. When modeling one cluster, the base and optimized algorithms show close 

results. The optimized variant may be slower if the number of triangles is 

large. 

2. When modeling the large number of clusters, the optimized algorithm reduces 

run-time considerably.  

The optimized algorithm for a triangulated surface was implemented in [3]. In the 

next table the results of both algorithms on the surface 𝒙𝟑 + 𝒚𝟐 + 𝒛 = 𝟎 are given. The 

number of triangles is 4000, the number of particles in the cluster is 500. 

Table 1. The comparison of base and optimized DLA algorithms 

 

The number of 

clusters 

Base 

DLA 
Optimized 

DLA 
1 5m 56s 6m 59s 

5 53m 11s 11m 41s 

 

 

Figure 1. The result obtained by optimized DLA on the surface 𝒙𝟑 + 𝒚𝟐 + 𝒛 = 𝟎 

 

 

4. CCA MODEL 

4.1. CCA on square lattice 

This model was proposed in [9]. Compared with a particle-cluster model, in this 

model the common number of particles is known and all of them are on a surface (or 

plane). 

The particles randomly walk on the lattice. When 2 particles collide they join into 

a cluster, and this cluster continues to walk. It is assumed that the probability of collision 

of 3 or more clusters is very small. At the end of the modeling, we have a final aggregate. 
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The movement of a cluster on a square lattice is similar to the movement of a 

particle – on every step the cluster may move one cell left or right or up or down with 

equal probability. Clusters are considered to be sticky if at least one particle of the first 

cluster is on the cell which is the neighbor of a particle of the second one. In such a 

situation, due to the structure of square lattice, a cluster moves as a single whole and 

saves its structure. 

 

4.2. Problems of CCA on triangular lattice 

On a triangular lattice we cannot always model the cluster movement to save its 

structure. To explain the situation, we give the following definitions. We call the 

movement of a cluster correct if : 

(1)  Every particle of the cluster passes through the same number of the cells of 

the lattice. 

      (2) The number of particles does not change, i.e. the structure is preserved. 

The movement of a cluster is semi-correct if only (1) or (2) holds. The movement 

is incorrect if it is not correct or semi-correct. 

It is easy to note when the movement of a cluster on square grid is correct, 

because all the particles pass the same distance in a chosen direction and the structure is 

preserved. 

On a regular triangular grid, the movement of a cluster may be only semi-correct. 

In this case different particles may pass different distances and move in different 

directions. Hence, to save the structure, the cluster must turn. In other words, we cannot 

move the cluster as a single whole. Such a situation is explained by the structure of 

triangular lattice. 

In Figure 2 the red cluster in the left part of the picture moves on 1 cell in the 

direction marked by the black arrow. On the right side its initial position (blue color) and 

the result of the movement (red color) are shown. We see that some particles pass 1 cell, 

and one particle should pass 3. The cluster makes 1 step, but to make it possible the 

particles should pass a different number of cells. According to our definition, the 
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movement is semi-correct because condition 1) does not hold. Note that this situation is 

possible only or regular triangular lattice on the plane. 

 

 

 

Figure 2. The example of the motion of a cluster on a regular triangular grid: particles of the cluster make a 

different number of steps 

 

For non-regular triangular lattice, the nodes of the lattice may have a different 

number of neighbors; it does not allow the structure of a cluster to be preserved. This 

situation is illustrated in Figure 3. The blue cluster consists of 5 particles; every particle 

has 2 neighbors. We cannot move it into the red area without changing the structure. 

 

 
 

Figure 3. Restructuring on non-regular grid: blue cluster cannot be moved to the red area without changing 

its structure 

 

Thus, it is impossible to implement the CCA algorithm on a non-regular lattice 

without modifications that allow the cluster restructuring. For example, in [17] the 

authors assumed that a cluster may spin; when 2 clusters stick together, they can spin in 
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the point of contact. They also proposed that there is a tension between particles, hence 

particles may influence each other in the process of the cluster growth. It may lead to a 

change of the cluster structure. 

In real tasks the modeling of CCA on a surface has a limited scope of application, 

and the modeling in the space is more important. In this case some problems appearing 

for non-regular lattice on a surface may be solved and a cluster may be admitted to turn 

or change a structure. Such a model may be used when studying colloid solution or 

aerogels. In [16] an interesting variant of CCA space model in a boundary area was 

implemented: when a cluster collides with boundaries it moves in the opposite direction. 

This model may be applied to the modeling of nanoscale medicinal products [10], 

catalytic reactions [11] and physical properties of materials. 

 

5. RLA MODEL 

To take into account physical properties of a real environment, we should 

introduce some parameters. In this model the probability of joining a particle to a cluster 

is considered. 

Proposed in [7] RLA (Reaction Limited Aggregation) model describes the growth 

of a fractal cluster when the probability of sticking is small. In [12] the authors merged 

CCA and RLA models, introduced the binding energy between particles, and assumed 

that the probability of sticking depends on the time of random walking and the time of 

breaking binds. Thus, the probability of sticking is a dynamical parameter. 

We implemented RLA on a triangulated surface and used the probability of 

sticking as a parameter. This is a modification of DLA and may be performed both for 

base and optimized variants. 

If a particle is near a cluster and the probability of sticking  𝑝𝑠  is small, it 

continues to walk. Denote the number of walks by N and the number of walks which  

lead a particle to a cluster by 𝑁𝑤. Choose N, 𝑁𝑤  such that 
𝑁𝑤

𝑁
= 𝑝𝑠. If after N walking 

𝑁𝑤 = 0 (the particle did not get closer to the cluster) we delete the particle and throw a 

new one. 
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The example of the construction of the aggregate on the surface 𝑥3 + 𝑦2 + 𝑧 = 0 

for 𝑝𝑠 = 0.1 (left) and 𝑝𝑠 = 1  (right) is shown in Figure 4. The number of triangles is 

1419, the number of particles is 200. 

The run-time for 𝑝𝑠 = 0.1 is 1m 3s, and 19s for 𝑝𝑠 = 1. 

 

             
Figure 4.  RLA model on the surface  𝑥3 + 𝑦2 + 𝑧 = 0 

𝑝𝑠 = 0.1(left)   𝑝𝑠 = 1(right) 

 

The triangulation was performed by the marching method proposed by E. 

Hartmann [5]. It is quite simple to implement and may be applied to any type of a surface. 

The size of the lattice is given by a parameter. 

 

6. CONCLUSION 

Mathematical models of diffusion are rather complex and as a rule do not have 

analytical solutions. For a successful study of diffusion processes, one should combine 

mathematical and numerical methods and imitation modeling. In this work, we present a 

program system for the imitation modeling of the growth of fractal clusters on a 

triangulated surface by DLA and RLA models. It is shown that CCA model cannot be 

implemented on a triangular lattice without a restructuring of a cluster. The program may 

be useful both for researchers and students. 
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Abstract 
 

In this paper, a number of large dynamic range acoustic signals statistics has 

been presented based on continuous wavelet transform. Some typical examples from 

battlefield acoustics and from musical acoustics are considered. Therefore, a specialized 

platform and a measuring microphone with the required features are used in field 

experiments. The characteristic acoustic environment signature and background noise 

features for some concrete setup are described. 

Possible directions for using these technics for signal statistics analysis for 

retrieving useful information, based on Shannon entropy, are outlined. The datasets 

consisting of the raw data and metadata from bell ringing and gunfire, and noise 

recordings are estimated. The wavelet transform was of particular importance here, as it 

provides both constant-bandwidth analysis that correlates with sound perception and 

optimal resolution. The discussed problems by means of continuous wavelet transform 

(CWT) and decomposition (or Shannon) entropy are approached. The results can be used 

in various areas of acoustics and electrodynamics. 

 

 

1. INTRODUCTION 

In the recent years, some application of modern acoustic methods in 

interdisciplinary fields and discovery of the difficulties when signal processing and 

storing of high dynamic range acoustic data, such as music, noise of natural phenomena, 

battlefield acoustic, and others was regarded [1, 2, 3].  

Many acoustic data from field experiments have been collected since 2008 at 

different sites. Wavelet analysis offers a way to process this acoustic data collection and 

it provides possibility to made interesting considerations about their characteristics.  
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The analysis based on Shannon entropy have been powerful and useful in determining the 

noise influence. 

The aim is presenting one direction for using technics for signal statistics analysis 

for retrieving useful information, based on Shannon entropy and wavelet processing. 

 

2. SHANNON ENTROPY PROPERTIES IN ACOUSTIC DATA PROCESSING 

In Donoho et all work, [4] is discussed some of the lessons of harmonic analysis 

in the XX century and the authors made this interesting possible connection between the 

compression, and not only compression, of real data, concerns random, and the 

deterministic objects analysis following Tikhomirov’s words: 

"our vast mathematical world” is itself divided into two parts, as into two 

kingdoms. Deterministic phenomena are investigated in one part, and random phenomena 

in the other. 

To Kolmogorov fell the lot of being a trailblazer in both kingdoms, a discoverer in 

their many unexplored regions he put forth a grandiose programme for a simultaneous 

and parallel study of the complexity of deterministic phenomena and the uncertainty of 

random phenomena, and the experience of practically all his creative biography was 

concentrated in this programme. 

From the beginning of this programme, the illusory nature of setting limits 

between the world of order and the world of chance revealed itself” [4,5]. 

The ideas of entropy of the signal or signal uncertainty and its measure (bits per 

signal units) was defined in communication theory. 

In Stratonovich work [6],  Shannon entropy for a continuous random variable with 

p.d.f. 𝑝(𝜉) is defined as an expectation : 

                                        𝐻𝜉 = E[𝑝(𝜉)] = − ∫ 𝑝(𝜉) ln 𝑝(𝜉) 𝑑𝜉
𝐗

                                 (1)                                                                  

or  

                                           𝐻𝜉 = − ∫ ln
𝑑𝑃

𝑑𝜈
(𝜉)𝑃(𝑑𝜉)

𝐗−𝚲−𝚲𝟎
                                          (2)                                                                            
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 in case  ν0(𝜉) = 𝑑𝜈 𝑑𝜉 = 1⁄ . 

In other side Shannon entropy can be defined with Kullback–Leibler divergence:  

     H(𝑿) = E[I𝑿(𝑥)] = log(𝑁) − 𝐷𝐾𝐿(𝑝𝑿(𝑥) ∥ 𝑃𝑈(𝑿))                           (3) 

 

Then, H(X) is the number of bits which would have to be transmitted to identify X 

from N equally likely possibilities, less the relative entropy of the uniform distribution on 

the random variates of X, 𝑃𝑈(𝑿) from the true distribution P(X). 

The relative entropy or Kullback–Leibler distance between two probability mass 

functions p(x) and q(x) is defined, [7] as 

𝐷𝐾𝐿(𝑝 ∥ 𝑞) = ∑ 𝑝 log
𝑝

𝑞𝑥∈𝒳  =                                      

                                                           = 𝐸𝑃 log
𝑝(𝑋)

𝑞(𝑋)
                                                       (4)  

                                                                                                                                 

Some useful properties of Kullback–Leibler divergence was demonstrated also in 

R. Angelova-Slavova’s works [8, 9]. 

The known analogy with quantum systems, is in Sanchis-Alepuz paper [10] where 

the Shannon’s information entropy defined by : 

                                                 S𝑢 =  − ∫ 𝒫(r)ln𝒫(r)𝑑r                                             (5)                                                                                                        

Probability distribution function 𝒫(r) similarly to electronic density distribution 

here is normalizing the square of the displacement field of a given acoustic level 

 

        𝒫(r)  =  |𝑢(r)|2/ ∫|𝑢(r)|2𝑑r                                          (6) 

 

and this quantity gives the uncertainty of the localization of sound in acoustics problems. 

 

3. WAVELET ANALYSIS AND SHANNON ENTROPY  

The wavelet transform is used to decompose a mixture of signals and noise, into 

components at different resolutions and make some conclusions about noise features. It is 
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known that the finer scales in the continuous wavelet transform (CWT) gives a higher-

fidelity signal analysis. It can be better describe oscillations or localize signal transients, 

with the CWT than with the discrete wavelet transforms.  

One regard to wavelets, which can be viewed as an information processing 

technique can be found in Oliveira’s work, [11] where the concept of wavelet mutual 

information between a signal and an analyzing wavelet is introduced. 

The Shannon entropy of some orthogonal wavelets, like Daubechies, Symmlets, 

Coiflets, that cannot be described by analytical expressions can be found by using the so-

called two-scale relationship of a multiresolution analysis. In [11] a few simple discrete 

signals were analyzed in order to gain insight into the information theory approach for 

multiresolution analysis. 

One possible method for measurement of entropy of discrete signal wavelet 

packets, [12,13] is expressed as: 

                WPEN = − ∑ 𝑝𝑗,𝑛log 𝑝𝑗,𝑛                                           (7) 

where pj,n = Ej,n Etot⁄  - relative energy for scale j, 

                                                     Ej,n = ∑ |dj,n(𝑘)|
2

k ,  Etot = ∑ Ej,nn                                (8) 

                                                         pj,n =
∑ |2

j
2 ∫ s(t)n(2−jt−k)dt

∞
−∞ |

2

𝑘

 ∑ Ej,nn
                                 (9)                    

s(t) is original signal, 

j, n, k represents the scale, band, and surge parameter, respectively. 

 

Equation for WPEN uses the Shannon method to calculate WPE. The N notation 

in WPEN  is used to denote the level of decomposition used in Wavelet packet 

decomposition. 

The idea is that the accuracy of the selected wavelet basis is higher when the 

entropy is small. 
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4. WAVELET ANALYSIS AND SHANNON ENTROPY OF EXPERIMENTAL 

ACOUSTIC DATA 

The interaction of the acoustic wave with objects, such as the ground, obstacles, 

the effects of reverberations, first reflections, absorption, interference and diffraction, 

turbulence etc. will change the registered sound pictures in real setups, [14,17]. 

The sound picture and noise level is varying in accordance of type of concrete 

space: close or free space, in dependence of source and receiver points placement. They 

change depending on the local parameters as temperature, wind speed and direction, air 

pressure and humidity etc. 

In the next it was made the analysis of a set of experimental data and it was found 

the wavelet entropies of the different sound records. 

First it was regarded the unique bell sounds in close space. The signals, see 

project Bell [1,3] denoted as Melnik2-1220 AD, was registered inside the hall in National 

Historical Museum in Sofia. In the figures 1a) and b) was shown some bell strike 
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waveforms (ringing) in time.  

(a) 

 
(b) 

Figure 1. Waveforms of unique bell stroke (XIII cent.), (a) ringing,  (b) it was separated only last bell ring. 

 

Zoomed fragment of last bell strike in the time scale are shown in Fig.1b). 

Second signal, illustrated on a Fig.2 consist a parts from time signal from the first 

blast from 122 mm 2S1 howitzer ("Gvozdika ") see [15], where in a) is shown the signal 

captured from two blasts from the two howitzers (“Salvo”), in b) the first from two blasts, 

1024 samples. 
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(a) 

 

(b) 

Figure 2. Parts from time signal from the first blast from 122 mm 2S1 howitzer, (a) “Salvo”, (b), the 

first from two blasts. 

 

And in third, record of noise of hailstone strikes, plus noise of auto alarms was 

regarded, see Fig. (3a), and zoomed part in Fig. (3b). The hail dropping strikes conditions, 

20 May 2013, in concrete urban environments can be seen in [16]. 
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This raw data was exported in MatLab and here were determined Shannon 

entropy coefficients for the wavelet tree for Daubechies3 wavelet level 3. Fig. 4 shows 

wavelet packets for three parts of bel ringing waveform (Fig. 1). 

 

(a) 

 

(b) 

Figure 3. (a) Part of waveform of hail strikes, 0.4sec, in V. Tarnovo, BG, urban environments, 20 May 

2013, (b) 1024 samples of hail strikes - zoom part of (a), Fs=65536Hz. 

 

The wavelet packet entropies for concrete bel ringing signals in hall, totally 3 

examples (noise, noise and part of ring, ring) were calculated and some results are shown 



JAE, VOL. 23,  NO. 2, 2021 JOURNAL OF APPLIED ELECTROMAGNETISM 

31 

 

in table 1. In table is shown entropies for the simulated noise with normal and uniform 

distribution.  

Analogically wavelet packet entropies for the signals from blast Fig.2 and hail 

strikes Fig. 3 were calculated. Part of results is shown in Table 2. 

From wavelet packet entropies presented in table 1,2 can be seen that for noise 

and for signal with noise the coefficients of Shannon entropy ShE(1,1) has higher values, 

than other situations. 

Then the proportion of ShE(1,0) and ShE(1,1), and ShE(j,0) and ShE(j,1) i.e. 

entropy of approximation coefficients to detail coefficients may be parameter for noise 

discrimination. 
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(a) 

 

(b) 

 

(c) 

Figure 4 Calculated wavelet packets and Shannon entropies for three cases: (a) noise, (b) noise and ring, 

and (c) ring, see. Fig. 1 the last ring, (Daubechies db3, level 3). 
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Table 1. 

s name  

(1024 samples) ShЕ(0,0) ShE(1,0) ShE(1,1) 

Noise 289.9 62.271 7.823 

Ring_Noise 55.741 17.769 0.32523 

Ring 180.53 89.729 0.74636 

    

Uniform distr. simulation 220.2 79.51 79.273 

Norm distr. simulation 141.85 71.464 68.755 

 
Table 2. 

s name  

(1024 samples) ShЕ(0,0) ShE(1,0) 

 

ShE(1,1) 

Front of blast artil. 248.93 119.26  0.77904 

Hail2013 186.35 105.22  19.441 

     

Uniform distr. simulation 220.2 79.51  79.273 

Norm distr. simulation 141.85 71.464  68.755 

 

In audio fingerprinting the background noise is one of degradation factors like as 

pitching, equalization, analog to digital conversion, audio coders etc. When the purpose is 

automatically recognizing the type of sound recording Papaodysseus [18] and 

Roussopoulos [19], proposed recognition system of musical recordings in the presence of 

noise. The main idea in this works is the assumption of existing of invariant 

characteristics in time – frequency domain, which are independent of distortion and the 

system employs a set of mathematical characteristics, extracted from a musical recording, 

whose determination was based on human perception. In the other side if the purpose is 

automatically recognizing the type of location from which the signal is received it can be 

applied data mining methods like it was presented in [20]. 

 

5. CONCLUSION AND FUTURE RESEARCH 

As it shown proportion of entropy of approximation coefficients to detail 

coefficients in entropy of discrete signal wavelet packets may be one parameter for noise 

discrimination. 
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The obtained results show acceptable accuracy in many real acoustic situations. It 

was demonstrated that wavelet processing and Shannon entropy was appropriate to 

analysis the characteristics of acoustic signals. 

The future work will be related to their application in aerial acoustics, in 

interdisciplinary fields such as, study of noise from natural phenomena, ecology, 

battlefield acoustics and others. 
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Abstract 

    

This report studies the propagation of Automatic Identification System 

frequencies under various tropopheric ducting and sea surface conditions with the 

parabolic wave equation method. The aim is to examine the influence of sea surface 

roughness on the possibility to enlarge the AIS detection range under ducting.  

 

 

1. INTRODUCTION 

Initially designed as a ship reporting system for collision avoidance, the AIS 

(Automatic Identification System) nowadays has enlarged applications beyond the 

situational awareness and security. The AIS has become part of the VHF Data Exchange 

System concept [1] which increases the requirements to the AIS performance and 

reliability. At the same time, the growing importance of the AIS traffic poses the need to 

monitor shipping at distances greater than can be achieved via the conventional 

propagation mechanisms like line-of-sight (LoS) and diffraction. Thus the long range 

detection capability becomes a key AIS characteristic. Among the factors that can 

influence the long range detection of AIS messages the ducting anomalous propagation 

mechanism, often present over the sea, is identified as a major candidate [2]. This clear-

air propagation mechanism is due to deviation in tropospheric refractivity N (N=(n-1)106) 

from the standard conditions caused by temperature and water vapour changes. The 

spatial change of n is larger with height than with range and generally the horizontal 

variations of n can be neglected [3]. The appearance of negative vertical gradient of the 

modified refractivity M (M=N+(z/aе)106, with z the height above the sea surface and aе - 
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the Earth’s radius, indicates the presence of tropospheric duct [3]. For practical purposes 

the average behaviour of the modified refractivity M(z) is often approximated with 

piecewise-linear profile. On Fig. 1 are schematically presented the M(z) profiles for the 

four duct types with essential parameters indicated.  
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Figure 1. a) evaporation, b) surface, c) surface-based, d) elevated duct, zd – duct thickness. 

 

The complicated maritime conditions require sophisticated propagation methods. 

The paraxial approximation to the wave equation, known as the parabolic equation (PE), 

allows correct accounting simultaneously for the strong refraction under ducting, 

diffraction around the Earth’s curvature, reflection and scattering from the rough sea 

surface, and antenna pattern [4, 5]. This report studies the propagation of AIS frequencies 

under various tropospheric ducting and sea surface conditions with the PE method. The 

aim is to examine the influence of sea surface roughness on the possibility to enlarge the 

AIS detection range under ducting. 

 

2. METHOD DESCRIPTION  

In this study 2D narrow-angle forward-scatter scalar PE is used as implemented in 

"Advanced propagation model (APM) Computer software configuration item (CSCI) 

documents", Space and Naval Warfare Systems Center Tech. Doc. 3145, which allows 

finding a full-wave solution to the AIS signal propagation problem in terms of path loss, 

PL (PL in dB):  

 PF
r

PL −







=



4
log20 ,      (1) 
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here  is the free-space wavelength, r is the distance between the corresponding points 

and PF is the propagation factor (in dB) defined as the square of the ratio of the electric 

field amplitude E received at a given point under specific conditions to the amplitude of 

the electric field E0 received at the same point under free-space conditions where E 

participates with its polarization component which coincides with the polarization of E0 

[3]. In this study, the initial field is provided by an omni directional antenna. Equation (2) 

gives the expression of the PF in terms of the reduced PE field, U(x,z), which comes from 

the APM routines: 

 

 )log(10)log(10),(log20 ++= rzxUPF . (2) 

 

Two international channels in the VHF maritime mobile band centered at 161.975 

MHz and 162.025 MHz are allocated to the AIS. Later in the calculations the F=161.975 

MHz is used. The examples of duct parameters have been taken from among the typical 

ones for the Bulgarian Black sea shore [6]. In order to preliminary assess the trapping of 

the AIS frequencies, well known formula for maximum wave length, λmax, trapped in a 

duct is used [7]: 

 2
1

max )(
3

2
MCzd = ,  (3) 

 

where zd is the duct thickness, ∆M is the M-deficit, see Fig. 1, and C=3.77x10-3 for 

surface and surface-based ducts. In this report these two types of ducts have been studied: 

the evaporation duct, even though the most widespread over the sea, is not able to trap the 

AIS frequencies with its maximal height of 40 m, whereas the elevated ducts have been 

considered to have weak influence due to there relatively great height above the sea 

surface. Also, surface and surface-based ducts are less sensitive to frequency than 

evaporation ducts and can extend over the ocean for several hundreds of kilometers and 

last for multiple days. 

A trans-horizon path supposes reflections from the sea surface, therefore the sea 

surface roughness should be accounted for. Here this is done in the framework of the 

“effective” reflection coefficient, Reff, concept in which the Fresnel reflection coefficient, 

RF, is multiplied by a roughness reduction factor Rrf [4]: 
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   Frfeff RRR = ,  (4) 

 

 ( )  ( )                . sin2I sin2exp 222
0

222
BM 

h
kkRR hrf −== −  (5) 

 

In (5) the Miller-Brown roughness reduction coefficient, RM-B, is used [8] where 

σh is the standard deviation of the sea surface height h, I0 is the modified Bessel function 

of the first kind of order zero, k is the free-space wave number and α is the local grazing 

angle measured with respect to the mean plane of the sea surface. The RM-B assumes the 

sea wave amplitude is Gaussian distributed with zero mean, i.e. in (5) σh=hrms where hrms 

is the root mean square deviation of the surface height. Note that the RM-B refers to the 

forward coherent reflected field (i.e. the diffuse scattered field is neglected as well as the 

small perturbations of the sea surface) and does not account for the shadowing and 

multiple scattering. The only parameter related to sea surface roughness in RM-B is the 

hrms which can be expressed entirely in terms of the wind speed. In (5) the quantity 

2khrmssin(α) is the Rayleigh roughness parameter for the surface, [4], that is often used as 

a criterion for the degree of roughness. It is to note that when the grazing angles are very 

small (both ducting propagation and ship-to-ship propagation suppose small grazing 

angles) RM-B tends to 1 and thus the influence of the roughness is reduced. Nevertheless, 

the wavelength of AIS frequencies is about 1.85 m, i.e. it is of the same order as sea 

height variations in high sea states; hence, a roughness reduction factor is to be 

introduced to account for the reduction of the Fresnel reflection coefficient from flat 

surface.  

There is a variety of formulae relating hrms to the wind speed and sea state [9, 10] 

depending on the sea wave spectrum used for their obtaining. In this report the relation 

corresponding to sea wave spectra of Pierson-Moskowitz type is applied [10]: 

 
2
100051.0 Uhrms = ,  (6) 

where U10 is the wind speed in m/s at h=10 m. The dielectric characteristics of the sea 

surface are calculated as functions of frequency following "Propagation in Non-Ionized 

Media", CCIR 1986, vol.5. 
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3. RESULTS AND DISCUSSION     

 

The first example of ducted propagation refers to a surface duct with bilinear 

profile (see Fig. 1 (b)) and parameters zd=100 m, ∆M=45 M-units, antenna height ha=10 

m, F=161.975 MHz, horizontal polarization (HOR) and smooth sea surface. It is to note 

that, following relation (3), this duct requires λmax<1.68 m; this means that AIS 

frequencies (λ around 1.85 m) will not be (completely) trapped. However, the transition 

from ducting to non-ducting conditions (and vice versa) for frequencies with λ around 

λmax is gradual and those frequencies will have significantly extended propagation/ 

detection range in comparison to the standard troposphere case, see Fig. 2 and Fig. 3. On 

Fig. 2 is shown path loss versus range and height. Figure 3 provides the PL for two 

vertical cuts at fixed range FixR=20 km and FixR=25 km (red and black line); for 

comparison are given the respective cuts for standard troposphere  

 

 

Figure 2. PL for surface duct. 
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Figure 3. PL for FixR=20 km (red – surface duct, green - StanTrop) and FixR=25 km (black – surface duct, 

blue - StanTrop). 
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50 meters above the sea surface. With some certainty it can be expected that under 

similar conditions the AIS detection range will be increased. 

The next four figures, Fig.4 - Fig.7, refer to a surface-based duct modelled with 

tri-linear profile (see Fig. 1 (c)) with parameters as follows: trapping layer base height 

113 m, zd=268 m, ∆M=23 M-units, the slopes of the profile below and above the trapping 

layer correspond to the standard troposphere. The AIS frequencies are trapped by this 

duct. The PL for ha=20 m and HOR is shown on Fig. 4 for standard troposphere, smooth 

and rough sea (U10=9 m/s). On Fig. 5 are shown PL curves for fixed height FixH=ha=20 

m for the tri-linear duct and smooth sea: black curve refers to HOR, red - for VER 

(vertical polarization); for comparison the respective curves for StanTrop are also given 

(in blue and green). Clearly seen is the difference between the two polarizations. Note 

that close to the two PL peaks the PL under ducting exceeds that of standard troposphere. 

After the second peak ducting decreases significantly the PL but it exists a "skip zone" 

between 20th and 60th km, see Fig. 4 (b).      

On Fig. 6 are shown PL curves for fixed range FixR=35 km (close to the first PL 

peak, see Fig. 5) for the same tri-linear duct as on Figs. 4 and 5, and HOR: the red curve 

refers to smooth sea, the StanTrop PL is given in blue, the black curve shows the 

influence of sea surface roughness introduced through formulas (4)-(6) for U10=9 m/s. 

Figure 7 presents the PL for the same conditions as on Fig. 6 but only the area of interest 

below the first 50 meters above the sea is given: red - smooth sea; black - rough sea, 

U10=9 m/s; blue - rough sea, U10=15 m/s. As expected, the influence of ducting prevails 

over that of sea roughness which is negligible except in the area close to the PL peak. A 

possible reason is change of the grazing angles to the sea in the "skip zone" so that the 

influence of the Rrf=RM-B is increased. The increased roughness, U10=15 m/s, "blurs" the 

PL pattern, see also Fig. 4 (c). The presence of "skip zones" indicates that ducting may 

not always be advantageous for the detection range and this may by aggravated by the sea 

roughness.  
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Figure 4. PL for ha=20 m: (a) StanTrop, (b) tri-linear duct, smooth sea, (c) tri-linear duct, rough sea. 
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Figure 5. PL for FixH=ha=20 m, tri-linear duct, smooth sea: black – HOR, red – VER, blue & green – HOR 

& VER for StanTrop. 
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Figure 6. PL for FixR=35 km, HOR, tri-linear duct: red - smooth sea, black – rough sea, blue - StanTrop. 
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Figure 7. PL for FixR=35 km, HOR, tri-linear duct: red - smooth sea, black – rough sea, U10=9 m/s, blue - 

rough sea U10=15 m/s. 

 
4. CONCLUSION 

 

The results indicate that to be reliable and of practical use the extension of the 

detection range through ducting requires:  

- a good preliminary assessment of the duct types and parameters;  

- accounting for sea roughness for sea state 4 and higher (according to the scale 

relating wind speed to sea state [10]); even though the roughness has rather weak 

influence, it may increase the PL in the "skip zones";  

- additional investigations that account for the rocking of the ship, influence of 

breaking waves, etc. 
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